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A b str a c t

W h en a ¯ re reach es th e p o in t of ° a sh over th e h ot ga ses in sid e th e b u rn in g ro o m ign ite
resu ltin g in fu rn ace-like con d itio n s. T h erea fter, th e b u ild in g fra m e ex p erien ces tem -
p eratu res su ± cien t to com p rom ise its stru ctu ra l in teg rity. P h y sical an d m a th em a tical
m o d els h elp to p red ict w h en th is w ill h a p p en . T h is th esis lo ok s a t b o th th e th erm al
an d stru ctu ral asp ects of m o d ellin g a fram e ex p o sed to a p ost-° ash ov er ¯ re.

T h e tem p eratu res in th e fram e are ca lcu lated b y solv in g a 2D h eat con d u ction eq u a tio n

over th e cross-sectio n o f ea ch b eam . T h e solu tio n p ro ced u re u ses th e ¯ n ite elem en t
m eth o d w ith au to m atic m esh gen eratio n /a d ap tion b ased on th e D ela u n ay trian g u la tio n
p ro cess an d th e recovered h eat ° u x .

W ith th e E u ler-B ern ou lli a ssu m p tion th at th e cross-section of a b eam rem ain s p lan e
an d p erp en d icu la r to th e n eu tral lin e a n d th a t strain s are sm all, a n error estim a tor,
b ased on th e w ork of B an k an d W eiser [8 ], h a s b een d eriv ed fo r ¯ n ite elem en t so lu tion s

to sm all-d efo rm a tio n , th erm o ela stic an d th erm o p la stic fram e p rob lem s. T h e estim ato r
h as b een sh ow n to b e con sisten t fo r a ll ¯ n ite elem en t solu tio n s an d asy m p totica lly ex -
act w h en th e solu tio n in volves a p p rop riate h igh er d eg ree p oly n o m ials. T h e asy m p totic
ex a ctn ess is sh ow n to b e clo sely related to su p erco n v erg en ce p rop erties of th e ap p rox i-
m ate solu tio n in th ese cases. S p ecī cally, w ith cou p led b en d in g a n d com p ressio n , it is

n ecessary to u se q u a d ratics, in stead of lin ears fo r th e com p ressio n an d tw istin g term s,
2to g et a glob a l O (h ) rate of con v erg en ce in th e en ergy n orm , som e su p ercon v erg en ce

p rop erties a n d asy m p to tic ex a ctn ess w ith th e error estim a tor.
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C h a p te r 1

In tr o d u c tio n

W h en a b u ild in g is d esig n ed it m u st m eet safety req u irem en ts th a t in clu d e p rov ision s fo r
¯ re p rotectio n . A lth ou gh th e b u ild in g as a w h ole is con sid ered th e req u irem en ts ap p ly
to in d iv id u al stru ctu ra l elem en ts. T h e a ssu m p tion is th a t if th e in d iv id u al elem en ts
are sa tisfactory th en th e w h o le b u ild in g sh o u ld p erform at least as w ell [21 ].

T h e u ltim a te m eth o d o f d eterm in in g th e p erfo rm a n ce of a stru ctu ral elem en t is th e

lab o ratory ¯ re test as laid ou t in B S 4 76 [1] an d IS O 83 4 [3]. S u ch testin g is ex p en sive
an d tim e co n su m in g. T h e d esig n er m u st b e p retty su re th a t th e stru ctu re w ill p ass th e
test to av oid th e rep eated costs. H en ce th e n eed for p h y sica l a n d m a th em a tical m o d els
th at ca n h elp to p red ict th e ou tco m e. F u rth erm ore, assem b lies of stru ctu ra l elem en ts
m ay b e m o d elled th a t w ou ld b e ju st to o im p ractical to test in th e la b ora tory. A s

com p u ter p ow er in crea ses th e stru ctu res th at ca n b e m o d elled b ecom e m ore com p lex .
T h e u ltim a te g oal m u st b e an à ll sin g in g a ll d an cin g ' com p u ter p ro gram th at sim u la tes
every asp ect of a b u ild in g's resp on se to a real ¯ re. T h is is n ot yet p ra ctical an d w e
still rely o n m an y m a th em a tical id ea lo gies th at sim p lify th e stru ctu ral p ro b lem .

A lw ay s a t th e fo refro n t of com p u ta tio n al m o d ellin g h as b een th e ¯ n ite elem en t m eth o d
w ith its ° ex ib ility to co p e w ith com p lex g eom etries an d ease o f ap p lica tio n to an y

sy stem of p a rtial d i® eren tial eq u a tio n s. H isto rically, en g in eers h av e led th e w ay in ¯ n ite
elem en ts, ap p ly in g th e m eth o d to a w id e variety o f th erm al a n d stru ctu ral p rob lem s.
M ea n w h ile m a th em aticia n s h ave an aly sed th e p erform an ce of th e m eth o d a n d , m ore
im p ortan tly, h ow to im p rove th e resu lts it p rov id es. C h ap ter 3 o f th is th esis d escrib es
th e ¯ n ite elem en t m eth o d an d in tro d u ces so m e stan d ard tech n iq u es in error a n aly sis

an d erro r estim a tion .

T h e m ost im p orta n t stru ctu ral asp ect of a b u ild in g is its fram e. T h e p erfo rm a n ce o f
th e fra m e u n d er th e in ° u en ce o f ¯ re ex p o su re w ill d icta te th at of th e b u ild in g . T h e ¯ rst
sim p lī ca tio n of th e overall stru ctu ra l p rob lem is to m o d el th e b u ild in g stru ctu ra lly
as its sk eletal fra m e lo ad ed w ith th e w eigh t of th e w alls a n d ° o o rs w ith in . T h e fram e
is th en m o d elled as an assem b ly of on e-d im en sion al stru ctu res k n ow n as b eam s. T h e

b eh av iou r o f ea ch b eam is gov ern ed b y its cross-sectio n al p rop erties, b oth geom etric
an d p h y sica l (i.e. tem p eratu re an d sti® n ess). It is th is fra m e p rob lem th at is th e fo cu s
of th is th esis. T h e m ath em atica l b ack g ro u n d w a s largely cov ered b y T im o sh en ko [3 3] in
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19 34 a lth o u gh p ra ctical ap p lication s w ere lim ited u n til th e d evelop m en t o f th e com p u ter
later in th e 20 th cen tu ry. S in ce th en a u th ors lik e B erg an d D a D ep p o [9 ], N ig am

[23] an d T orid is an d K h ozeim eh [34 ] h ave p io n eered th e w ork in com p u tation a l fram e
an a ly sis. T h e p a p er b y T orid is an d K h o zeim eh in 19 71 [34] ou tlin es a gen eral ¯ n ite
elem en t m eth o d fo r th e elastic an d p lastic an a ly sis o f rig id fra m es u n d er b oth sta tic an d
d y n am ic loa d in g . M ore recen tly, a u th ors su ch as T erro [3 2] an d W an g [3 6] h ave a p p lied
th e ¯ n ite elem en t m eth o d to ¯ re-ex p osed fra m e m o d els. W h ile th e m o d els h ave b ecom e

q u ite sop h isticated , a llow in g for large d eform atio n an d v ery rea listic m ateria l m o d els,
th ese ¯ n ite elem en t solu tio n p ro ced u res h av e n ot b en e¯ ted fro m m o d ern m a th em a tical
d evelo p m en ts.

E ssen tially, th e ¯ n ite elem en t m eth o d p erfo rm s ca lcu lation s o n a d iscretiza tio n of th e
d om ain , called a m esh , w h ich , for tw o-d im en sio n al d om ain s, is a tessella tion of p oly -
go n s, called elem en ts. T h e m eth o d d eriv es a p iecew ise p oly n o m ial th at is co n tin u ou s

across th e elem en t sid es an d a p p rox im ates th e so lu tion to th e p artial d i® eren tial eq u a-
tio n s su ch th at

pk ek · C h

w h ere k ek is a m easu re of th e erro r in th e en ergy n o rm , h is a m easu re o f th e elem en t
size, p is th e ord er o f th e p oly n o m ial a n d C is a co n stan t, in d ep en d en t o f h b u t

in v ersely p rop ortion al to th e sm allest elem en t an g le [43 ]. S in ce th e error d ep en d s o n
h , a w ay of red u cin g th e erro r is to red u ce th e size of th e elem en ts. A s to w h ere th e
m esh n eed s sm aller elem en ts, u sers of th e ¯ n ite elem en t m eth o d h av e d evelo p ed erro r
in d icato rs. T h ese a re n u m b ers th a t a re com p u tab le fro m th e ¯ n ite elem en t solu tio n
an d ap p rox im a te k ek o r so m e o th er m easu re o f th e error su ch th a t, g lo b ally,

C kek · ´ · C kek1 2

w h ere ´ is th e error in d ica tor an d C an d C a re con stan ts. T h e calcu lation of ´ is1 2

p erform ed on an elem en t b y elem en t b asis in su ch a w ay th at

nX
2 2´ = ´ i

i= 1

w h ere n is th e n u m b er o f elem en ts. In th is rela tio n th e ´ 's rep resen t each elem en t'si

con trib u tion to th e glob al erro r a n d are u sed to d eterm in e elem en ts th at n eed re¯ n in g.
A w ell k n ow n error in d icator u ses th e m eth o d of g rad ien t av era gin g. It co m p a res th e

gra d ien t o f th e ¯ n ite elem en t solu tio n w ith th at o f a sm o oth er fu n ction o b tain ed b y
in terp o la tin g th e av era ge grad ien t a t th e n o d es [19 ]. T h is sm o o th er g rad ien t fu n ctio n
is an ex a m p le of a recov ered gra d ien t. A n error in d icato r u sin g an altern ative recovered
gra d ien t m eth o d is th at of Z ien k iew icz an d Z h u [4 2]. O th er erro r in d icato rs h av e b een
d evelo p ed b ased o n th e d i® eren ce b etw een th e ap p lied forces a n d th o se calcu la ted from
th e ¯ n ite elem en t solu tion ; see, fo r ex am p le, B a b u ska a n d R h ein b old t [16 ] an d B a n k

an d W eiser [8].

T h e aim of th is th esis is to ap p ly som e of th e recen t d ev elop m en ts in ¯ n ite elem en t erro r
an a ly sis to ¯ re-ex p o sed fra m e p ro b lem s. T h ere are tw o p arts to th is class of p rob lem ,
th erm a l a n d stru ctu ra l, b oth of w h ich are covered . T h e th erm a l p rob lem is to ca lcu late
th e tem p era tu re d istrib u tion th rou gh o u t th e fram e stru ctu re. A ty p ical sim p lī ca tio n is

2



to assu m e th at th e tem p era tu res a re con sta n t in th e ax ia l d irectio n o f each b ea m so th a t
th e tem p era tu re d istrib u tion is tw o-d im en sio n al; i.e. a cross th e b eam cro ss-section .

H en ce, th e th erm a l p art is th e so lu tion of a 2 D h ea t con d u ction p ro b lem fo r each b eam
in th e fram e. T h e ¯ n ite elem en t m eth o d p erform s h eat con d u ctio n ca lcu lation s o n
a m esh of trian gu lar elem en ts as illu strated in F igu re 1.1 . R ed u cin g th e size o f th e
elem en ts, w h ile n ot allow in g in terio r a n gles to b eco m e to o sm all, red u ces th e erro r in
th e solu tio n . E rro r in d icato rs are u sed to id en tify elem en ts th at n eed re¯ n in g. T h e

re¯ n em en t m eth o d ad o p ted p laces n ew n o d es alon g th e elem en t ed ges en su rin g th a t
th e re¯ n ed m esh is a D elau n ay trian g u la tio n of th e n o d es. T h is is d escrib ed in d eta il
in C h a p ter 4 o f th is th esis. T h e stru ctu ra l p ro b lem is to ca lcu late th e d eform ation o f
th e fra m e d u e to ap p lied m ech an ica l loa d s an d th erm a l load s ca u sed b y th e in crea se
in tem p eratu re. T h e ¯ n ite elem en t m eth o d p erform s calcu lation s on a m esh o f o n e-

d im en sion a l elem en ts. A g ain , error in d icato rs are u sed to id en tify elem en ts in th e m esh
th at n eed re¯ n em en t.

S tru ctu ral m o d ellin g is in tro d u ced in C h a p ter 5. T h e stress an d strain ten sors are
d e¯ n ed a n d eq u ilib riu m eq u ation s are d erived fo r a n ela stic m a terial fro m th eir in te-
gra l form s. C h ap ter 6 d escrib es th e th erm al e® ects an d d eriv es th e h eat co n d u ctio n
eq u a tio n . B eam th eory, th at is u sed to sim p lify th e stru ctu ral fram e p rob lem , is in tro-

d u ced in C h ap ter 7 for th erm o ela stic fra m e p ro b lem s. E q u ilib riu m eq u ation s, b ased o n
E u ler-B ern ou lli assu m p tion s, are d eriv ed from th e in tegra l eq u ilib riu m eq u a tio n s. A
¯ n ite elem en t m eth o d is d erived w h ich is sh ow n to b e su p ercon vergen t at th e con n ect-
in g n o d es, a n d a t m id -p oin ts in som e ca ses, fo r su ± cien tly h igh o rd er o f p o ly n o m ial
ap p rox im a tio n . E rror estim a tes are o b tain ed for th e ¯ n ite elem en t fra m e an d a B a n k -

W eiser ty p e erro r estim ator is an a ly sed . T h is estim a tor is sh ow n to b e asy m p totica lly
ex a ct for th e su p erco n v ergen t ca se. T h is w o rk is ex ten d ed in C h a p ter 8 fo r ap p lica tio n
to th erm op lastic fram es.

F igu re 1.1 : T y p ical b eam sh ow in g th e d iscretized cro ss-sectio n .
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C h a p te r 2

M a th e m a tic a l P r e lim in a r ie s

2 .1 N o ta tio n

2 .1 .1 V e c to r s, m a tr ic e s a n d te n so r s

V ectors a n d m a trices are p rin ted in b old . T h eir com p o n en ts a re p rin ted in n orm al sty le
w ith su b scrip ts d en o tin g th e in d ices. F or ex am p le,

0 1
A A A1 1 1 2 1 3

B C
A = A A A :@ A2 1 2 2 2 3

A A A3 1 3 2 3 3

U n less oth erw ise stated m atrices are d en o ted b y cap itals an d vectors b y low ercase ch ar-
acters. W h ere p o ssib le, ex p ression s in volv in g ten so rs are w ritten in m atrix form . O n
a few o ccasion s w h ere th is is n o t p ossib le th e ten sor ex p ressio n is w ritten in com p o-
n en t form u sin g th e u su al in d ex n ota tion w h ere rep eated in d ices im p ly su m m a tio n ; fo r

ex a m p le
a = a + a + a :ii 1 1 2 2 3 3

U se of th is n o tation sh all b e clearly in d icated in th e tex t.

2 .1 .2 In te g ra ls

W h en a vecto r valu ed fu n ctio n , f (x ), is to b e in tegra ted over a g en era l d o m a in , − , th e
in tegra l is w ritten Z

f (x ) d x :

x 2−

2 3In th e con tex ts co n sid ered in th is th esis, − ½ R, − ½ R or − ½ R .
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2 .1 .3 H ilb e rt sp a c e

n
T h e n d im en sion a l vecto r sp a ce (L (− )) is th e sp a ce o f all fu n ctio n v ectors d e¯ n ed2

over th e d o m a in − th a t are sq u a re in teg rab le; i.e. th e in teg ral
Z

Tu u d x (2 .1 )

x 2−

is ¯ n ite. T h e o n e d im en sion a l sp a ce, L , is an ex am p le of H ilb ert sp a ce[18 ] an d is a lso2
0d en oted b y H . S m a ller H ilb ert sp aces are d e¯ n ed as th o se co n ta in in g fu n ctio n s w ith

d eriva tiv es in L . F or ex am p le, in on e d im en sion ,2

1 0H = f v : v 2 L g ; (2 .2 )2

2 00H = f v : v 2 L g ; (2 .3 )2

an d , in tw o d im en sio n s,
( )

@ v @ v1H = v : ; 2 L ; (2 .4 )2
@ x @ y

( )
2 2 2@ v @ v @ v2H = v : ; ; 2 L : (2 .5 )22 2@ x @ y @ x @ y

n
T h e L in n er p ro d u ct o f tw o vector fu n ctio n s u an d v in (L (− )) is d en oted b y (u ;v )2 2 −

w h ere Z
T(u ;v ) := u v d x : (2 .6 )−

x 2−

W h en th e con tex t is clear w e w ill a b b rev iate (u ;v ) b y (u ;v ).−

nT h e L n orm of a v ector fu n ction u (x ) 2 (L (− )) is d en oted fu lly b y k u k an d2 2 L (− )2

d e¯ n ed via th e relation
Z

2 Tk u k := (u ;u ) = u u d x : (2 .7 )L (− )2L (− )2

x 2−

nIn th e ca se u : (a ;b) ! R , i.e. u is a fu n ction of a sin gle va ria b le, th e L in n er p ro d u ct2

an d n orm a re d e¯ n ed b y

Z b
T(u ;v ) := u v d x (2 .8 )(a ;b)

a
Z b

2 Tk u k := u u d x : (2 .9 )L (a ;b)2
a

W h en th e co n tex t is clea r w e w ill ab b rev ia te k u k b y k u k . T h e d e¯ n itio n (2.7) isL (− ) L2 2

com p letely g en eral w ith th e p a rticu la r form d ep en d in g o n its arg u m en t. F or ex am p le,
if u h as th ree co m p on en ts, u , u an d u , w e m ay w rite1 2 3

2 2 2 2k u k = k u k + k u k + k u k :1 2 3L L L L2 2 2 2
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2 .2 N o r m in e q u a litie s

T h e follow in g resu lts a re u sed in C h ap ter 3. L et u 2 L (0;l) w ith eith er u (0) = 0 o r2

u (l) = 0 th en

p
0ju (x )j · l k u k (2.10 )L 2

0k u k · l ku k (2.11 )L L2 2

P ro o f

If u (0 ) = 0 th en w e w rite

Z Zx x
0 0ju (x )j = j u (x ) d x j · ju (x )jd x (2.12 )

0 0

oth erw ise, if u (l) = 0 , w e w rite

Z Zl l
0 0ju (x )j = j u (x ) d x j · ju (x )jd x (2.13 )

x x

In eith er case Z l
0 0ju (x )j · ju (x )jd x = (ju j;1 ) (2.14 )

0

an d (2 .1 0) follow s u sin g th e C au ch y -S ch w arz in eq u ality. E q u atio n (2.11 ) fo llow s b y
w ritin g Z Zl l

2 22 2 0 2 0k u k = ju (x )j d x · l k u k d x = l k u k : (2.15 )L L L2 2 2
0 0

2 .3 T h e D ir a c d e lta fu n c tio n

T h e an a ly sis in C h a p ters 3 an d 7 u ses th e D irac d elta fu n ction , d en oted b y ±, w h ich is
d e¯ n ed b y th e p rop erty th at

1Z
f (y )±(y ) d y = f (0) (2.16 )

¡1

for all p iecew ise con tin u ou s fu n ction s f . F o r (2 .16 ) to b e tru e fo r a ll su ch fu n ction s it
can b e sh ow n th a t if ± is to b e con sid ered p oin tw ise th en ± (y ) = 0 for a ll y 6= 0 w ith
±(0 ) b ein g in ¯ n ite. H en ce ± is n o t a fu n ction in th e u su a l sen se. N ote th at if H d en o tes
th e H eav isid e fu n ction g iv en b y

½
0 y < 0H (y ) := (2.17 )
1 y ¸ 0
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0th en H a lso h a s th ese p rop erties. F u rth erm ore, a s a con seq u en ce of (2.16 ), if x 2 R is
¯ x ed an d f (y ) = H (x ¡ y ) th en

1 xZ Z
H (x ) = ± (y )H (x ¡ y ) d y = ± (y ) d y (2.18 )

¡1 ¡1

an d from th is w e in terp ret ± as th e d erivative o f H w h ich is th e con clu sio n th at w ou ld
b e o b tain ed w h en th e con d ition o f th e fu n d am en ta l th eo rem o f calcu lu s a p p lies.

A m o re gen era l fo rm of (2.16 ) is ob ta in ed b y m ak in g th e ch a n ge of varia b le y = z ¡ x

w h ere x is in d ep en d en t o f z . B y lettin g g (z ) = f (z ¡ x ) an d n otin g th at f (0) =
f (x ¡ x ) = g (x ) w e h av e

1Z
g (z )± (z ¡ x ) d z = g (x ): (2.19 )

¡1

2 .4 In te r p o la tio n

A n aly sis of ¯ n ite elem en t m eth o d s m a kes u se of resu lts from in terp ola tio n th eory. T h e
an a ly sis in C h ap ters 3 an d 7 u ses a p a rticu lar resu lt w h ich w e d erive h ere. It b ou n d s

certa in d erivatives of th e in terp olation erro r in th e L n orm u sin g th e P ean o k ern el2

th eorem [26 ] a n d sh ow s th e o rd er o f con v erg en ce as th e in terp o la tio n in terval, h , is
red u ced .

L et f b e a con tin u o u s fu n ction ov er th e in terval [x ;x ] an d let ¦ f b e a p o ly n o m iali¡ 1 i k

in terp o la n t of d egree k . F or a ¯ x ed p oin t x w e d e¯ n e th e fu n ctio n al L b y

L (f ) := f (x ) ¡ ¦ f (x ) (2.20 )k

an d w e n ote th at in th e case th a t f is a p o ly n om ial of d egree · k w e h av e L (f ) = 0.
F or a m ore gen eral fu n ctio n f w e h ave th e T ay lo r series

10 (k ) kf (x ) = f (x ) + f (x )(x ¡ x ) + ¢¢¢ + f (x )(x ¡ x ) + R (x ); (2.21 )i¡ 1 i¡ 1 i¡1 i¡1 i¡1 k
k !

w h ere th e rem a in d er, R (x ), m ay b e w ritten , in in tegra l fo rm , ask

Z x1 k (k + 1 )R (x ) = (x ¡ y ) f (y ) d y (2.22 )k
k ! x i¡ 1
Z x i1 k (k + 1 )= (x ¡ y ) f (y ) d y (2.23 )+k ! x i¡ 1

w h ere ½ k(x ¡ y ) ; x · y · xi¡1k(x ¡ y ) := : (2.24 )+ 0; x · y · x i

A p p ly in g L to (2.2 1) a n d u sin g th e rem a rk ab ov e w e h ave th at

L (f ) = L (R ) 8 j = 0 :::k : (2.25 )k¡j
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F rom th e d e¯ n ition of an in tegra l it can b e sh ow n th at it is va lid to in terch an g e th e L
op era tor a n d th e in teg ral so th at

Z x i1 (k¡j+ 1 )L (f ) = f (y )K (x ;y ) d y 8 j = 0 :::k (2.26 )j
(k ¡ j)! x i¡ 1

w h ere
k¡jK (x ;y ) := L ((x ¡ y ) ): (2.27 )j x +

T h e su b scrip t x in d icates th a t th e in terp olation m u st b e carried o u t w ith resp ect to

th e x variab le in K (x ;y ). E q u ation (2.26 ) is k n ow n a s th e P ea n o K ern el th eoremj

[26]. W e m ay u se it to d eriv e b ou n d s for th e in terp olatio n error an d its d erivatives.
D i® eren tiatin g (2 .2 6) m tim es w ith resp ect to x w e h av e

Zm mx id L (f ) 1 @ K (x ;y )j(k¡j + 1 )= f (y ) d y 8 j = 0 :::k ¡ m : (2.28 )m md x (k ¡ j)! @ xx i¡ 1

A p p licatio n o f th e C au ch y -S ch w arz in eq u ality gives u s

¯ ¯ ° °2 2m m¯ ¯ ° ° ° °2d L (f ) 1 @ K j¯ ¯ ° ° ° °(k¡j + 1 )¯ ¯ · ° ° °f ° 8 j = 0 :::k ¡ m :m m¯ ¯ ° ° L (x ;x )2 i¡ 1 id x (k ¡ j)! @ x
L (x ;x )2 i¡ 1 i

(2.29 )

N ow , w ith h = x ¡ x , it ca n b e sh ow n fo r a ll th e in terp o la n ts ¦ co n sid ered in th isi i i¡ 1 k
m@ Kk¡ j k¡j¡ mjth esis th at K (x ;y ) is of o rd er h an d is o f o rd er h for m = 0 :::k ¡ j.mj i i@ x

In th is th esis w e h ave o n ly th e 2 p oin t lin ea r L a gra n ge in terp o la n t, th e cu b ic H erm ite
in terp o la n t, th e 3 p o in t q u a d ratic L ag ra n ge in terp o lan t an d th e q u in tic p o ly n o m ial
b ased o n th e fu n ction a n d d eriva tives a t 3 d istin ct p oin ts. A s a n ex a m p le w e con sid er
th e case w ith th e 2 p o in t lin ea r L a gran ge in terp o la n t so th a t k = 1 a n d , w ith j = 0 ,

½
x ¡ y ; x · y · xi¡ 1(x ¡ y ) := : (2.30 )+ 0; x · y · x i

T h e lin ear L a gran g e in terp olan t to th is, over th e in terval [x ;x ], isi¡ 1 i

µ ¶ µ ¶
x ¡ x x ¡ xi¡1 i¡1

¦ (x ¡ y ) = 1 ¡ (x ¡ y ) + (x ¡ y ) = (x ¡ y ): (2.31 )1 + i¡ 1 i
h hi i

H en ce ½
0 ; x · y · xi¡1K (x ;y ) = L ((x ¡ y ) ) = : (2.32 )+ y ¡ x ; x · y · x i

w h ich sh ow s th at K (x ;y ) is of o rd er h . D i® eren tiatin g w ith resp ect to x w e h av e1 i

½
@ K (x ;y ) 0 ; a · y · x1

= : (2.33 )¡ 1; x · y · b@ x

w h ich is of o rd er 1 .
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µ ¶2m@ K jU sin g th e ab ove in form ation a b ou t K (x ;y ) w e n ow in tegra te w ith resp ectmj @ x
to x fro m x to x to g ive u si¡ 1 i

° °2m° °@ K j 2 (k¡j¡ m )+ 1° °° ° · C h : (2.34 )im° °@ x
L (x ;x )2 i¡ 1 i

H en ce ¯ 2̄m¯ ¯ ° °2d L (f ) 2 (k¡j¡ m )+ 1¯ ¯ ° °(k¡j+ 1 )¯ ¯ · C h °f ° (2.35 )im¯ ¯ L (x ;x )2 i¡ 1 id x

¯ 2̄m¯ ¯d L (f )¯ ¯from w h ich it fo llow s, a fter in teg ratin g over th e in terva l, th atm¯ ¯d x

° °2m° ° ° °³ ´ 2d° ° 2 (k¡ j¡m + 1 ) ° °(k¡ j+ 1 )° f (x ) ¡ ¦ f (x ) ° · C h °f ° 8 j = 0 :::k ¡ m :k im° ° L (x ;x )2 i¡ 1 id x
L (x ;x )2 i¡ 1 i

(2.36 )

E q u ation (2.3 6) sh ow s th e rela tio n b etw een h an d f in b o u n d in g th e in terp o la tio ni

error m easu red in th e L n orm ov er th e in terval [x ;x ]. W e n ow co n sid er th e ca se2 i¡1 i

w h ere [x ;x ] is a su b in terval of th e in terval [a ;b] ½ R an d ob ta in a sim ila r resu lt ini¡ 1 i

k ¢k . L etL (a ;b)2

[a ;b] = [x ;x ] [ [x ;x ][ ¢¢¢[x ;x ]0 1 1 2 n ¡1 n

th en

° ° ° °2 2m mn° ° ° °³ ´ ³ ´Xd d° ° ° °° f (x ) ¡ ¦ f (x ) ° = ° f (x ) ¡ ¦ f (x ) ° (2.37 )k km m° ° ° °d x d x
i= 1L (a ;b) L (x ;x )2 2 i¡ 1 i

n ° °X 2° °2 (k¡ j¡m + 1 ) (k¡j+ 1 )· C h °f ° (2.38 )
L (x ;x )2 i¡ 1 i

i= 1
° °2° °2 (k¡ j¡m + 1 ) (k¡ j+ 1 )= C h °f ° (2.39 )

L (a ;b)2

w h ere h = m a x f h : i = 1 :::m g . H en ce w e h ave th e resu lti

° °
m° ° ° °³ ´d° ° ° °k¡j¡ m + 1 (k¡j+ 1 )° f (x ) ¡ ¦ f (x ) ° · C h °f ° ; 8 j;m ¸ 0 : m + j · k :km° ° L 2d x

L 2

(2.40 )

T h is resu lt is u sed in C h ap ters 3 a n d 7 for a n aly sin g th e error in o n e-d im en sion al ¯ n ite
elem en t so lu tion s.
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C h a p te r 3

F in ite E le m e n t M e th o d s

3 .1 D e r iv a tio n

In gen era l th e ¯ n ite elem en t m eth o d m ay b e a p p lied to a n y p a rtial d i® eren tial vecto r

eq u a tio n o f th e form
L (u ) = f ; for x 2 − (3 .1 )

(su b ject to certain b ou n d ary co n d ition s) b y tak in g th e in n er p ro d u ct o f b oth sid es w ith
a test vecto r v a n d in teg ratin g b y p arts to g iv e th e w ea k form

a(u ;v ) = F (v ): (3 .2 )

W e sh all d en ote th e sp ace con tain in g u a n d v b y H . T h e reform u la ted p ro b lem (3 .2 )
h as less strict co n tin u ity req u irem en ts th a n (3.1).

3 .1 .1 T h e te st p ro b le m

In o rd er to in tro d u ce th e m eth o d o lo gy o f th e ¯ n ite elem en t m eth o d w e sh all ap p ly it
th e scalar p artia l d i® eren tia l eq u ation in tw o sp ace d im en sion s given b y

¡ r ¢ (a r u ) + bu = f (3 .3 )

w h ere th e fu n ctio n s a an d b satisfy

0 < a · a · a (3 .4 )0 1

00 · a · a (3 .5 )2

0 · b · b : (3 .6 )1

It w ill b e seen in C h ap ter 6 th at (3.3) is th e tim e-d iscretized h eat co n d u ctio n eq u ation .
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T h e fu n ctio n u satis¯ es (3 .3 ) in th e d o m ain − . W ith ¡ = ¡ [ ¡ d en o tin g a p a rtition o fN D

th e b o u n d ary ¡ , w e a ssu m e th at th e b ou n d a ry con d ition s are th e N eu m an n con d ition ,

@ u
a = g ; (3 .7 )
@ n

on ¡ an d th e D irich let con d itio n ,N

u = 0; (3 .8 )

on ¡ .D

In th e case th at − ½ R an d sp ecī ca lly th at − = (0;l) th e p a rtia l d i® eren tia l eq u a tio n
in (3.3) red u ces to th e ord in ary d i® eren tial eq u atio n

Ã !
d d u¡ a + bu = f (3 .9 )
d x d x

an d th e b o u n d ary con d ition s co rresp on d in g to (3 .7 ) an d (3.8) red u ce to

¯̄
d u ¯

u (0 ) = 0 or ¡ a ¯ = 0; (3.10 )¯d x
x = 0¯̄

d u ¯
u (l) = 0 or a ¯ = 0 : (3.11 )¯d x

x = l

In C h ap ter 7 it w ill b e seen th a t, w ith b = 0 , th e eq u a tio n (3.9) gov ern s th e co m p ressio n

of a b ea m .

3 .1 .2 T h e w e a k p r o b le m

T h e w eak form of (3.3)-(3 .8 ) is o b tain ed b y ¯ rst tak in g th e in n er p ro d u ct of b oth sid es
of (3 .3 ) w ith a test fu n ctio n , v 2 H , w h ere in th is ca se

n o
1H = v 2 H : v = 0 on ¡ :D

W e th en h av e Z Z Z
¡ v r (a r u ) d x + bu v d x = f v d x : (3.12 )

x 2− x 2− x 2−

U sin g th e id en tity
r ¢(v a r u ) = a r v ¢ r u + v r ¢ (a r u ) (3.13 )

w ith th e d ivergen ce th eo rem to geth er w ith (3.7) w e ob ta in

Z Z Z Z
a r u ¢ r v d x + bu v d x = f v d x + g v d x : (3.14 )

x 2− x 2− x 2− x 2¡ N

11



W e d e¯ n e th e follow in g in n er p ro d u cts fo r u ;v 2 H , f 2 L (− ) an d g 2 L (¡ ):2 2 N

Z
a (u ;v ) := (a r u ¢ r v + bu v ) d x−

x 2−Z
(f ;v ) := f v d x = (f ;v ) (3.15 )− L (− )2

x 2−Z
[g ;v ] := g v d x = (g ;v ) :L (¡ )2 N¡ N

x 2¡ N

T h e w eak p ro b lem , th en , is to ¯ n d u 2 H th a t sa tis¯ es

a (u ;v ) = (f ;v ) + [g ;v ] (3.16 )− − ¡ N

for all v in H . In fu tu re, w h ere th e d o m a in s − a n d ¡ are clea r fro m th e con tex t, th e

su b scrip ts to th e in n er p ro d u cts w ill b e o m itted .

3 .1 .3 D isc r e tiz a tio n

L et V b e a ¯ n ite d im en sio n al su b sp a ce o f H . T h is m ean s th at V is a su b sp a ce of H

th at is sp an n ed b y a ¯ n ite n u m b er o f b asis fu n ction s. It is d e¯ n ed b y a d iscretiza tio n

of th e d om ain , k n ow n a s a m esh , an d th e fu n ction s u sed . In on e d im en sio n th e m esh
con sists o f a lin e d iv id ed in to su b in tervals, k n ow n a s elem en ts, a n d a n u m b er o f p o in ts,
k n ow n as n o d es, th at lie on an d b etw een th e co n n ectin g p o in ts b etw een elem en ts. In
tw o d im en sion s th e m esh is a tessellation w h ere th e elem en ts a re p o ly g on s. W e sh all n o t
b e con sid erin g d im en sio n s h ig h er th a n tw o. F u n ctio n s in V a re d e¯ n ed in a p iecew ise

w ay an d h av e a p p rop riate glob a l con tin u ity p rop erties. E ach n o d e h a s asso ciated w ith
it a d eg ree of freed om an d a b asis fu n ction . H en ce a n y fu n ction v 2 V can b e w ritten
in m atrix fo rm as

v = N d (3.17 )

w h ere N is a m atrix con tain in g th e b asis fu n ctio n s an d d is a v ector con tain in g th e
d egrees of freed o m . F or th e m o d el p rob lem N is 1 £ n w h ere n is th e n u m b er of n o d es.

F or p ro b lem s d ealin g w ith vector fu n ctio n sp a ces th ere w ill b e m ore th a n on e d egree
of freed om a n d b a sis fu n ctio n for ea ch n o d e. T h at is, w e ty p ically h av e th at N is
m £ (m n ) a n d d is (m n ) £ 1 w h ere m is th e n u m b er of d egrees o f freed om p er n o d e.
T h e b a sis fu n ctio n s a re d e¯ n ed su ch th at

N (x ) = ± (3.18 )i j ij

w h ere x is a n o d e an d N is its corresp o n d in g b asis fu n ctio n . H en ce th e d egreesj j

of freed om a re th e fu n ction valu es a t th e n o d es. T h e fu n ction s u sed a re d e¯ n ed for a
sta n d ard elem en t. In on e d im en sio n th is ca n b e tak en as th e in terva l [0 ;1 ] or som etim es
[0;h ] w h ere h is th e len g th o f th e elem en t (in h igh er d im en sion s h is a m ea su re o f th e
elem en t size). U su a lly th e b asis fu n ction s are p oly n om ia ls, th e d egree of w h ich is
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d eterm in ed b y th e n u m b er of n o d es w ith in th e elem en t. T h e sim p lest is fo r a tw o
n o d ed elem en t w h ich is lin ear an d , fo r th e elem en t w h ose n o d es are n u m b ered i an d j,

th e tw o fu n ctio n s a re

N (» ) = 1 ¡ » (3.19 )i

N (» ) = » (3.20 )j

in th e case w h ere [0;1] is tak en a s th e stan dard in terval. N o te th at » is a lo ca l variab le
in th is in terval.

F or tw o d im en sion al p rob lem s w e sh a ll u se trian g u la r elem en ts an d th e stan dard elem en t
w ill b e th e rig h t a n gled trian g le w ith vertices at (0 ;0), (1 ;0) an d (0 ;1) in th e (» ;´ )
p lan e (see F igu re 3 .1 ). F or th e elem en t w ith n o d es n u m b ered i, j an d k th e fu n ction s

are

N (»;´ ) = 1 ¡ » ¡ ´ ; (3.21 )i

N (»;´ ) = » ; (3.22 )j

N (»;´ ) = ´ : (3.23 )k

T h e eva lu a tion of in tegrals over th e d iscretized d om ain is p erform ed b y su m m in g th e

con trib u tion s from each elem en t. T h a t is, fo r an y in teg ra l w e h ave

Z Zn eX
(¢) d x = (¢) d x : (3.24 )

i= 1x 2− x 2− i

F or th e in n er p ro d u cts d e¯ n ed in (3.15 ) w e w rite

n eX
a(u ;v ) = a (u ;v ) ;− − i

i= 1
n eX

(f ;v ) = (f ;v ) ;− − i
i= 1
n eX

[g ;v ] = [g ;v ] ;¡ ¡ \¡i N

i= 1

w h ere n e is th e n u m b er o f elem en ts a n d ¡ is th e b o u n d ary o f − . L et n be b e th ei i

n u m b er of b o u n d ary elem en ts th at m a ke u p th e N eu m an n p art of th e b ou n d a ry, ¡ ,N

an d let each b o u n d a ry elem en t of ¡ b e d en oted b y ¡ so th a tN N ;i

n be[
¡ = ¡ : (3.25 )N N ;i

i= 1

T h en w e m ay also w rite th e b ou n d a ry in n er p ro d u ct, [g ;v ], a s

n beX
[g ;v ] = [g ;v ] : (3.26 )¡ ¡ N ;i

i= 1

13



3 .1 .4 T h e ¯ n ite e le m e n t p ro b le m

T h e ¯ n ite elem en t p ro b lem is to ¯ n d u 2 V th at sa tis¯ esh
Z Z Z Z

a r u ¢ r v d x + bu v d x = f v d x + g v d x (3.27 )h h

x 2− x 2− x 2− x 2¡ N

for a ll v in V . T h e ¯ n ite elem en t solu tio n m ay b e w ritten as

u = N U (3.28 )h

w h ere U is th e vecto r of u n k n ow n s. S u b stitu tin g th is in to (3.27 ) gives u s
Z Z Z Z

a B U ¢ r v d x + bN U v d x = f v d x + g v d x (3.29 )

x 2− x 2− x 2− x 2¡ N

w h ere B is k n ow n a s th e strain m atrix d u e to early ap p lica tio n s in stru ctu res (see
C h a p ter 5). F or ou r sp ecī c p rob lem it is d e¯ n ed a s

B = ( r N r N ::: r N ) (3.30 )1 2 n

2w h ich is o f size 2 £ n w h en − 2 R . T ak in g v in (3.29 ) to b e each colu m n o f N in tu rn

w e b u ild
0 1
Z Z Z Z

T T T T@ Aa B B d x + bN N d x U = N f d x + N g d x : (3.31 )

x 2− x 2− x 2− x 2¡ N

T h is eq u ation m ay b e w ritten a s

K U = F + G (3.32 )

w h ere K is k n ow n as th e sti® n ess m atrix , F is k n ow n as th e b o d y load vecto r an d G

is k n ow n a s th e b o u n d ary loa d vector. T h is eq u a tio n is ju st a lin ear sy stem w h ich m ay
b e solved u sin g an y m eth o d . W e u se th e p recon d ition ed co n ju gate gra d ien t m eth o d
th rou g h ou t th is th esis.

3 .1 .5 C o n stru c tio n

T h e in teg rals are evalu ated elem en t b y elem en t so th a t
Zn e ³ ´X

T TK = a B B + bN N d x (3.33 )
i= 1 x 2− i

Zn eX
TF = N f d x (3.34 )

i= 1 x 2− i

Zn beX
TG = N g d x : (3.35 )

i= 1 x 2¡ N ;i

14



F ig u re 3.1: G en eral trian gu lar elem en t an d stan d ard trian g u la r elem en t

E a ch elem en t a rea in tegral is evalu ated b y th e ch a n ge in variab les fro m (x ;y ) to (» ;´ )

w h ere » a n d ´ m ap x an d y o n to th e stan d ard trian gu la r elem en t (see F igu re 3.1).
T h en w e m ay u se th e rela tio n

1¡´1Z Z Z
(¢) d x = (¢) ab sjJ jd » d ´ (3.36 )

0 0x 2− i

w h ere J is th e J acob ia n (m atrix ) of th e m ap p in g from (»;´ ) to (x ;y ). L et th e n o d es
of th e elem en t b e d en oted a n ticlo ck w ise b y (x ;y ), (x ;y ) an d (x ;y ). T h en th e1 1 2 2 3 3

m ap p in g fro m (»;´ ) to (x ;y ) is

µ ¶ µ ¶ µ ¶µ ¶
x x x ¡ x x ¡ x »1 2 1 3 1= + : (3.37 )
y y y ¡ y y ¡ y ´1 3 1 3 1

T h e 2 £ 2 m atrix in vo lv ed in (3.37) is th e J acob ian m atrix an d its d eterm in an t is

J := jJ j = (x ¡ x )(y ¡ y ) ¡ (x ¡ x )(y ¡ y ): (3.38 )2 1 3 1 3 1 2 1

G iven th e an ticlo ck w ise orien ta tio n o f (x ;y ), (x ;y ) an d (x ;y ) w e w ill alw ay s h ave1 1 2 2 3 3

J > 0 . S im ila rly w e evalu ate th e b ou n d a ry in teg ral b y m a p p in g it on to th e in terval
[0;1] an d u se

1Z Z
(¢) d x = (¢) l d » (3.39 )

0x 2¡ i

w h ere, if (x ;y ) a n d (x ;y ) d e¯ n e th e b o u n d ary elem en t,1 1 2 2

q
2 2l = (x ¡ x ) + (y ¡ y ) : (3.40 )2 1 2 1
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H en ce
1¡ ´1Z Zn e ³ ´X

T TK = a B B + bN N J d » d ´ ; (3.41 )
i= 1 0 0

1¡ ´1Z Zn eX
TF = N f J d » d ´ ; (3.42 )

i= 1 0 0

1Zn bX
TG = N g l d »: (3.43 )

i= 1 0

W h en eva lu a tin g th e elem en t in teg rals it is h elp fu l to d e¯ n e lo cal v ecto rs a n d m a trices
w h ere th e n o d es are n u m b ered 1, 2 a n d 3. L et th e lo cal sti® n ess m a trix a n d th e lo cal
b o d y load vecto r for th e i'th elem en t b e d en oted b y K a n d F resp ectively. T h ese arei i

d e¯ n ed as
1¡ ´1Z Z ³ ´

T TK = a B B + bN N J d »d ´ ; (3.44 )i i ii i

0 0

1¡ ´1Z Z
TF = N f J d »d ´ ; (3.45 )i i

0 0

w h ere B an d N are th e lo cal strain m atrix , of size 2 £ 3, an d lo cal b asis fu n ctio ni i

vector, of size 1 £ 3 , resp ectively. S im ilarly let th e lo ca l b ou n d a ry loa d vecto r for th e

i'th b ou n d ary elem en t b e d en o ted b y G . T h is is d e¯ n ed a si

1Z
TG = N g l d » : (3.46 )i i

0

S in ce th e lo cal strain m atrix , B , in v olves p artia l d eriva tiv es w ith resp ect to x an d yi

w e m u st u se th e ch a in ru le to w rite th em w ith resp ect to » an d ´ . H en ce
0 1 0 1 0 1 0 10 1@ » @ ´@ N @ N @ Ni i iy ¡ y y ¡ y3 1 1 2B @ x C B C B @ » C B @ » C@ x @ x 1 B CB C B C B C B CB = = = : (3.47 )@ Ai @ A @ A @ A @ AJ@ » @ ´@ N @ N @ Ni i ix ¡ x x ¡ x1 3 2 1@ y @ ´ @ ´@ y @ y

U sin g th e lin ear b asis fu n ction s d e¯ n ed ea rlier, w e evalu ate B to b ei

µ ¶µ ¶ µ ¶
1 1y ¡ y y ¡ y ¡ 1 1 0 y ¡ y y ¡ y y ¡ y3 1 1 2 2 3 3 1 1 2

B = = :i x ¡ x x ¡ x ¡ 1 0 1 x ¡ x x ¡ x x ¡ xJ J1 3 2 1 3 2 1 3 2 1

(3.48 )

T h e elem en t in tegrals a re u su a lly eva lu ated n u m erica lly for co n v en ien ce. H ow ever, if
th e form o f a , b, f a n d g a re k n ow n th en th e in teg rals m ay b e evalu ated ex actly.

3 .1 .6 S to r a g e

G en erally, ea ch n o d e in th e ¯ n ite elem en t m esh con n ects to on ly a sm all n u m b er o f oth er
n o d es. C o n seq u en tly, th e glob a l sti® n ess m atrix is v ery sp arse w ith th e m a jority o f
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o® -d iago n al lo cation s con tain in g zero . It w ou ld b e v ery w a stefu l o f com p u ter m em ory
to store th e fu ll m a trix sin ce m ost lo ca tio n s w ou ld n ever b e a d d ressed . H en ce th e

m atrix is stored in a co m p ressed form . T h e a lg orith m th at h as b een u sed stores th e
m atrix elem en ts in a on e d im en sio n al a rray. A n oth er on e d im en sio n al a rray stores th e
in d ices w h ere each m a trix row b egin s an d an o th er stores th e m atrix co lu m n n u m b ers
of ea ch m atrix elem en t sto red . T h is is k n ow n a s com p ressed row stora ge.

3 .2 E r r o r a n a ly sis

3 .2 .1 D e ¯ n itio n s

T h e error in th e ¯ n ite elem en t so lu tion is d en oted b y th e fu n ction e an d is d e¯ n ed as

e = u ¡ u : (3.49 )h

In a n aly sin g th e erro r w e seek b ou n d s fo r e in term s of th e L an d en ergy n o rm s. T h e2

en erg y n orm w ill b e d en oted b y k ¢k a n d is d e¯ n ed su ch th at−

2k ek := a(e;e) : (3.50 )−−

W h en th e m ean in g o f − is clear fro m th e co n tex t of th e tex t th e su b scrip t m ay b e
d rop p ed so th at th e en ergy n o rm is d en oted sim p ly b y k ¢k .

T h e an a ly sis th at follow s serv es a s an in tro d u ctio n to som e o f th e tech n iq u es u sed in
an a ly sin g th e error in th e ¯ n ite elem en t m eth o d . A tten tion is m ad e to on e-d im en sio n al
p rob lem s w h ere g = 0 sin ce th e tech n iq u es are req u ired fo r th e fram e an aly sis in

C h a p ter 7. H en ce, th rou g h ou t th is section ,

00L u = ¡ (a u ) = f (3.51 )

a(u ;v ) = (f ;v ) (3.52 )

3 .2 .2 O rth o g o n a lity

T h e w eak so lu tion , u , an d th e ¯ n ite elem en t solu tio n , u , satisfyh

a (u ;v ) = (f ;v ) + [g ;v ]8 v 2 H (3.53 )

a(u ;v ) = (f ;v ) + [g ;v ]8 v 2 V : (3.54 )h

R estrictin g v in (3 .5 3) so th a t v 2 V th en su b tra ctin g (3.54) fro m (3.53) a n d su b sti-

tu tin g (3 .4 9) g iv es u s
a(e;v ) = 0 for a ll v 2 V : (3.55 )
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H en ce th e error is orth o go n al to all fu n ction s in th e sp ace V w ith resp ect to th e in n er
p ro d u ct a(¢;¢). T h is resu lt w ill b e u sed tim e an d tim e a gain in su b seq u en t an a ly ses o f

¯ n ite elem en t m eth o d s. It im p lies th at w e can w rite

a (e;e) = a (e;u ¡ v ) (3.56 )

for a n y v in V . A p p ly in g th e C a u ch y -S ch w arz in eq u a lity w e h av e

k ek · k u ¡ v k (3.57 )

for an y v in V . H en ce, in th is n orm , u is th e b est ap p rox im ation to u ou t o f a llh

fu n ctio n s in th e sp a ce V .

3 .2 .3 B o u n d fo r th e e n e rg y n o r m

W e m ay m a ke u se of (3.57 ) to ob ta in an a priori erro r b ou n d if w e let v = ¦ u w h ere
¦ u is a n in terp olan t to u in V . W ith th is ch oice w e h ave estab lish ed , from (3 .57 ), th a t

k ek · ku ¡ ¦ u k : (3.58 )

In oth er w o rd s, th e ¯ n ite elem en t erro r, in th is n orm , is b ou n d ed ab ove b y th e n orm
of th e in terp olation error. N ow , fro m (3 .1 5) a n d th e a ssu m p tio n s (3 .4 ) an d (3.6),

22 20k u ¡ ¦ u k · a k (u ¡ ¦ u ) k + b k (u ¡ ¦ u )k : (3.59 )1 1L L2 2

B y eq u ation (2.40)
° ° ° °° ° ° °(n ) p + 1¡ n (p + 1 )°(u ¡ ¦ u ) ° · C h °u ° ; n = 0;1 ;2 ;::: (3.60 )

L L2 2

w h ere n is th e ord er o f d i® eren tiation a n d p is th e d eg ree of p oly n o m ial u sed in th e
in terp o la tio n . H en ce

° °° °2 (p + 1 ) 2 p 2k u ¡ ¦ u k · C °u ° h (1 + h ) (3.61 )
L 2

an d , b y in creasin g th e con sta n t,
° °° °p (p + 1 )k u ¡ ¦ u k · C h °u ° : (3.62 )

L 2

T h is m ean s th at
pk ek · C h : (3.63 )

3 .2 .4 B o u n d fo r th e L n o rm2

In d eriv in g an u p p er b ou n d fo r th e L n o rm o f th e error w e req u ire th e follow in g2

th eorem :
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T h e o re m 3 .1

L et u 2 H (0 ;l) satisfy (3.5 1) th en

° °
n° °d u° °° ° · C k f k (3.64 )n L 2° °d x

L 2

for n = 0 :::2 w h ere C is a co n stan t th at d ep en d s on th e op era tor L a n d th e sp ace H

b u t n o t th e fu n ctio n f .

P ro o f

F rom (3.4) an d (3 .5 2) a n d u sin g (2.11) w e h ave

p
2 20 0a k u k · k u k = (f ;u ) · k f k k u k · lk f k k u k (3.65 )0 L L L L L2 2 2 2 2

H en ce
p

l0k u k · k f k (3.66 )L L2 2a 0
lk u k · k f k ; (3.67 )L L2 2a 0

p rov in g th e th eorem for n = 0 a n d n = 1. T o p rove th e th eorem h old s fo r n = 2 w e
u se (3 .5 1) to w rite

00 0 0 0 0k a u k = k f ¡ a u k · k f k + k a u k (3.68 )L L L L2 2 2 2

th en w e u se (3 .5) to g iv e u s

° ° ° °
2° ° ° °d u d u° ° ° °

a ° ° · k f k + a ° ° : (3.69 )0 22 L 2° ° ° °d xd x
L L2 2

T h e p ro of fo llow s from th e fact th a t th e th eorem h old s for n = 1 . 2

W e n ow u se a tech n iq u e th at is k n ow n a s th e N itsch e trick [1 3, P ag e 72 ] to d eriv e a
b o u n d fo r e in th e L n orm . T h e trick is to let Á 2 H satisfy2

L (Á ) = e: (3.70 )

N ow th e L n o rm m ay b e w ritten a s2

2k ek = (L (Á );e) (3.71 )L 2

= a (Á ;e) (3.72 )

= a (Á ¡ v ;e) (3.73 )

· k Á ¡ v k kek (3.74 )
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for a n y v in V . A p p ly in g (3.63 ) w e h ave

2 pk ek · C k Á ¡ v k h : (3.75 )L 2

W e let v = ¦ Á b e th e p iecew ise lin ear in terp olan t to Á so th at1

2 pk ek · C k Á ¡ ¦ Á k h : (3.76 )1L 2

U sin g (3.60 ) w ith p = 1 an d n = 1 gives u s

00k Á ¡ ¦ Á k · C h k Á k : (3.77 )1 L 2

U sin g T h eorem 3.1 w e h ave
00k Á k · C k ek (3.78 )L L2 2

so th at, after su b stitu tin g (3.78) in to (3.7 7),

k Á ¡ ¦ Á k · C h k ek : (3.79 )1 L 2

S u b stitu tin g (3 .7 9) in to (3 .76 ) an d d iv id in g b y k ek gives u sL 2

p + 1k ek · C h : (3.80 )L 2

3 .2 .5 P o in tw ise e r ro r b o u n d s a n d su p e r c o n v e rg e n c e

L et g (x ;y ) b elon g to H (0 ;l) − H (0 ;l) an d , w ith x ¯ x ed , let it satisfy th e eq u a tio n

Ã !
@ @ g

L g (x ;y ) = ¡ a + bg = ±(y ¡ x ) (3.81 )
@ y @ y

w h ere ± is th e D ira c d elta fu n ction . T h e d e¯ n in g p ro p erty o f ±, th a t

Z 1

± (y ¡ x )f (y ) d x = f (x ) (3.82 )
¡1

allow s u s to w rite

e(x ) = (±(x ;¢);e) = (L g (x ;¢)) = a (g (x ;¢);e) : (3.83 )

T h e fu n ction g is com m on ly k n ow n a s a G reen 's fu n ctio n [13, P ag e 44 ]. D u e to th e
orth o go n ality of th e error an d th e C au ch y -S ch w a rz in eq u ality w e h ave th at

je(x )j · k g (x ;¢) ¡ ¦ g (x ;¢)k kek (3.84 )
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w h ere ¦ g (x ;y ) is th e in terp olan t w ith resp ect to th e y va ria b le. If x is a con n ectin g
n o d e, x say, th en w e m ay u se (3.60 ) to w ritei

pje(x )j · C h k ek : (3.85 )i

W ith (3.63 ) w e h ave th a t
2 pje(x )j · C h : (3.86 )i

(p + 1 )R eca ll th at th e glob al erro r, m easu red b y th e L n orm in (3.80), is o f ord er of h . If2

th e d egree of p o ly n om ial p is g rea ter th an on e th en th e p o in tw ise erro r at th e con n ectin g
n o d es con v erg es to zero a t a faster rate th a n th at g lo b ally. T h is p h en o m en on is k n ow n
as su p ercon verg en ce [1 3, P ag e 44].

3 .3 E r r o r e stim a tio n

T h e p rev io u s sectio n estab lish ed som e resu lts th at d escrib e th e b eh av iou r o f th e erro r
in th e ¯ n ite elem en t so lu tion w ith resp ect to th e d iscretization p aram eter h . T h ese a
p riori resu lts in n o w ay attem p t to actu ally q u a n tify th e erro r. T h is sectio n lo ok s a t a
variety o f p o st p ro cessin g tech n iq u es th at a ttem p t to m ea su re th e erro r in som e w ay
b ased on th e calcu la ted ¯ n ite elem en t solu tion . T y p ically, w e w an t to estim a te som e

n orm of th e erro r su ch th at th e estim ator, k êk , an d th e tru e n o rm , k ek , b eh ave in a
sim ila r w ay a sy m p totica lly ; i.e. th ey con v erg e to 0 as h ten d s to 0 w ith th e sa m e ord er
of h . In oth er w ord s th ere ex ist p o sitiv e co n stan ts C a n d C su ch th a t1 2

C k ek · k êk · C k ek : (3.87 )1 2

T o m ea su re th is b eh av iou r w e d e¯ n e th e e® ectiv ity in d ex to b e th e ra tio of th e estim ato r
to th e n o rm . If th e e® ectiv ity in d ex con verges to a n on -zero valu e a s h ten d s to 0 th en
th e estim ato r is said to b e con sisten t. F u rth erm o re, if th e e® ectiv ity in d ex co n v erg es

to 1 th en th e estim a tor is said to b e asy m p totically ex act.

3 .3 .1 R e c o v e re d g r a d ie n t ty p e e stim a to rs

In a p iecew ise lin ear ¯ n ite elem en t m eth o d th e g rad ien t o f th e ¯ n ite elem en t solu tio n
is p iecew ise co n sta n t. H en ce th e gra d ien t fu n ctio n is n o t d e¯ n ed a lon g elem en t ed g es
an d a t n o d al p oin ts. N o d al va lu es o f th e g rad ien t can on ly b e co n sid ered a s th e lim it

as o n e ap p ro ach es th e n o d e fro m w ith in an elem en t. In th is sen se th e n o d a l gra d ien t
m ay b e co n sid ered to b e m u ltivalu ed . A co n tin u ou s g rad ien t fu n ctio n m ay b e o b tain ed
b y averagin g th e lim itin g n o d al va lu es a n d in terp ola tin g th ese averag e grad ien ts w ith
p iecew ise lin ear b a sis fu n ction s. T h is averag e g rad ien t fu n ction is a n ex am p le o f a
recov ered g rad ien t w h ich h o p efu lly is m o re a ccu rate th a n th e g rad ien t o f th e ¯ n ite

elem en t so lu tion . W e m ay th en m ak e th e ap p rox im a tio n
° °° °Rk r u ¡ r u k ¼ °r u ¡ r u ° (3.88 )h hh

21



Rw h ere r u d en otes th e recov ered gra d ien t. K ri·zek an d N eitta an m ak i [1 9] an aly sedh

th is g rad ien t recovery m eth o d in 19 84 an d sh ow ed th at, for ellip tic p rob lem s w ith a

u n iform tria n gu lar m esh ,
R 2k r u ¡ r u k · C h (3.89 )h

w h ere C is in d ep en d en t of h .

A veragin g th e ¯ n ite elem en t gra d ien t at th e n o d es is o n ly sen sib le if th a t of th e tru e so-

lu tio n s is k n ow n to b e con tin u ou s. In a co n tin u u m , p h y sica l p ro p erties su ch as h ea t ° u x
an d stress (w h ich in vo lv e b o th m a terial d a ta a n d gra d ien ts) a re a ssu m ed to b e con tin -
u ou s. F rom th e ¯ n ite elem en t m eth o d w e u su a lly ob ta in d isco n tin u ou s ap p rox im ation s
to th ese q u a n tities. H ow ev er, b ecau se th e u n d erly in g q u a n tities are con tin u ou s, it is
in tu itiv ely sen sib le to ap p rox im a te th ese b y averag in g th e va lu es gen erated b y th e ¯ n ite
elem en t m eth o d .

L et u s d en o te b y q an d ¾ th e averag ed / recovered h eat ° u x an d stress vectors,RR

resp ectiv ely. T y p ically th e recov ered h ea t ° u x h a s th e form

q = N Q (3.90 )R

w h ere Q co n ta in s th e recovered ° u x va lu es at th e n o d es an d N is a m atrix of in ter-
p o la tio n fu n ctio n s, u su a lly th ose u sed as b a sis fu n ctio n s in th e ¯ n ite elem en t m eth o d .
U sin g th e averag in g recov ery m eth o d th e co m p on en ts of Q , Q (o f len gth 2 in 2Di

p rob lem s), a re given b y
nX1 (k )

Q = q (x ) = q (3.91 )ii R hn
k = 1

(k )
w h ere w e are assu m in g th at th e n o d e x is o n n elem en ts an d q is th e ¯ n ite elem en ti h

h eat ° u x in th e k 'th of th ese n elem en ts. A variation o f th is m eth o d is to u se a w eigh ted
averag e acco rd in g to th e elem en t area; i.e.

nX (k )
q J kh

k = 1
Q = q (x ) = (3.92 )ii R nX

J k

k = 1

w h ere J > 0 is th e d eterm in a n t of th e J acob ian m atrix relatin g to th e k 'th elem en tk

(given b y (3.38 ) for a trian gle).

In 19 87 [4 1] Z ien k iew icz a n d Z h u p ro p osed a stress recov ery p ro ced u re th at req u ires
Z

TN (¾ ¡ ¾ ) d x = 0 (3.93 )R h

x 2−

w h ere ¾ is th e stress o b tain ed fro m u . In th e con tex t of th e h eat con d u ction eq u a tio nh h

th is is eq u iva len t to Z
T

N (q ¡ q ) d x = 0 (3.94 )R h

x 2−
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so th at, u sin g (3.90), q m ay b e o b tain ed fromR

Z Z
T TN N d x Q = N q d x : (3.95 )h

x 2− x 2−

T o o b tain Q w ou ld req u ire th e solu tion of th e g lo b al sy stem g iv en in (3.95) w h ich
is a com p u tation a s ex p en sive a s com p u tin g th e ¯ n ite elem en t solu tio n . T o sim p lify
th in gs an d to red u ce sign ī can tly th e com p u ta tio n al co st, Z ien k iew icz an d Z h u u sed

th e lu m p ed lo cal m atrix rep lacem en t, fo r th e k 'th elem en t say,

0 1 0 1
1¡´1 2 1 1 1 0 0Z Z

1 1B C B CTN N J d » d ´ = 1 2 1 ! 0 1 0 : (3.96 )@ A @ Ak kk 24 6
1 1 2 0 0 10 0

C o n seq u en tly, th e g lo b al m atrix is d iago n al a n d Q b ecom es th e vector of w eigh ted
2averag e ° u x es given in (3.92 ). T h is error estim a tor, k n ow n as th e Z E rror E stim a-

tor, h a s b een w id ely u sed an d an a ly sed . T h e p a p er b y A in sw orth et a l. in 19 89 [4]

con clu d ed th at, w h ile th e estim a tor p erfo rm s w ell, it is n ot n ecessa rily asy m p totica lly
ex a ct. R o d rig u ez, in 1 994 , [27 ] an a ly sed th e estim ator for th e p iecew ise lin ea r ¯ n ite
elem en t so lu tion of ellip tic p rob lem s. H e p rov ed th at, for a n y reg u la r tria n gu lar m esh ,
th e estim a tor is eq u iva len t to th e error for th e P oisso n eq u ation w ith a h om og en eou s
D irich let b o u n d ary co n d ition . H e a lso p roved th at th e estim ator is asy m p totica lly

ex a ct o n su b d om ain s w h ere th e solu tion is sm o oth a n d w h en p a ra llel m esh es are u sed .

2T h e Z m eth o d h as b een fou n d to b e a ccu ra te m ain ly for lin ear trian g u la r a n d q u ad ratic
2q u ad rila tera l elem en ts. F o r oth er ty p es o f elem en t th e Z m eth o d is often p o o r w ith

th e e® ectiv ity in d ex co n vergin g to zero in som e ca ses [6]. F o r th is reaso n th e au th ors
p rop osed , in 19 91 , an oth er stress recov ery p ro ced u re th at ¯ ts a p oly n om ia l b y th e least
sq u ares m eth o d to a n u m b er of sa m p lin g p o in ts ov er a p atch of n eig h b ou rin g elem en ts

[40]. T h e stress is th en calcu lated from th e resu ltin g p oly n om ia l at th e n o d al p o in t.
T h is p ro cess is so m etim es k n ow n as S u p erco n vergen t P a tch R ecovery sin ce, for m an y
ty p es of elem en t, th e recovered stress valu es co n verge at a rate o f at lea st o n e ord er
h igh er th an ¾ . G en erally th e estim a tor is k n ow n a s th e S P R E rro r E stim ato r. L eth

th e p atch b e d en oted b y − a n d th e stress ov er th e p a tch b e d en oted b y ¾ . T h is h asp p

th e form
¾ = P a (3.97 )p

w h ere P is a v ector of p oly n om ia ls an d a co n tain s th e d eg rees of freed om w h ich are
fou n d b y m in im isin g

n p ³ ´X 2(j)
F (a ) = ¾ ¡ P a : (3.98 )h

j= 1

w h ere n p is th e n u m b er o f sam p lin g p o in ts. T h e m in im isa tion of F (a ) req u ires th at

n p n pX X (j)T TP P a = P ¾ : (3.99 )h
j= 1 j = 1
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T h e recovered stress is th en g iv en b y

R¾ (x ) = ¾ (x ): (3.100 )i p ih

In 19 92 Z ien k iew icz an d Z h u [42] p resen ted a n in tegral form of th eir n ew m eth o d in
w h ich ¾ is fou n d b y m in im isin gp

Z
2

F (a ) = (¾ ¡ P a ) d x : (3.101 )h

x 2− p

T h is req u ires th at Z Z
T TP P d x a = P ¾ d x (3.102 )h

x 2− x 2−p p

w h ich , w ith P = N , is th e sa m e as (3 .9 5) ex cep t th at th e in tegration is p erform ed

over th e p a tch ra th er th an th e w h ole d om ain .

3 .3 .2 T h e B a n k -W e ise r e r ro r e stim a to r

In 1 98 5 B a n k a n d W eiser [8] p rop o sed th e follow in g m eth o d fo r o b tain in g an erro r
estim ato r for th e ¯ n ite elem en t solu tion o f p rob lem s in th e form o f (3.3). T h e id ea is

to ex p a n d a (e;v ) in term s o f k n ow n q u a n tities d eriv ed from th e d a ta a n d th e ¯ n ite
elem en t solu tion h en ce o b tain in g a w eak p rob lem in th e ¯ n ite elem en t erro r, e. T h e
aim is to d eriv e a lo ca l p ro b lem fo r each elem en t, − , so th a t th e estim ato r ca n b ei

calcu lated elem en t-w ise. L et V b e th e ¯ n ite elem en t sp ace an d V b e a sp ace con tain in g
h igh er d eg ree p o ly n om ials in w h ich w e w ill ap p rox im ate th e error. U sin g (3 .1 4) w ith

− rep laced b y − a n d in tegra tio n b y p arts w e can w rite, for an y v in V ,i

" #
@ u h

a(e ;v ) = (r;v ) + [r ;v ] ¡ a ;v (3.103 )− − Bi i ¡ \¡i N @ n
¡ \¡i I

w h ere ¡ is th e set of ed g es b elo n gin g to th e i'th elem en t, ¡ is th e set o f all in terio ri I

elem en t ed ges an d th e resid u al q u an tities, r a n d r , a re d e¯ n ed asB

r = f ¡ L (u ) , elem en tw ise in − (3.104 )h

@ u h
r = g ¡ a , ed g ew ise o n ¡ : (3.105 )N N

@ n

T h e righ t h a n d sid e is d en oted b y th e fu n ctio n al F (v ) so th a t th e erro r sa tis¯ es

a (e;v ) = F (v ) : (3.106 )− −i i

T h e lo cal p ro b lem is ob ta in ed b y sh a rin g th e ju m p s in th e ° u x alon g in terior ed g es
b etw een th e tw o co n n ectin g elem en ts. F or each in terior ed g e ch o o se o n e of th e con -
n ectin g elem en ts to b e in an d th e oth er to b e out. T h e ju m p in ° u x a lon g th e ed g e is
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th en d e¯ n ed as Ã ! Ã ! Ã !
@ u @ u @ uh h h

a = a ¡ a (3.107 )
@ n @ n @ n

J ¡ ¡ou t in

an d w e h ave " # "Ã ! #
n e n eX X@ u @ uh h¡ a ;v = a ;v : (3.108 )

@ n @ n
i= 1 i= 1¡ \¡ J ¡ \¡i I i I

B y sh a rin g eq u a lly th e ° u x ju m p s b etw een th e con n ectin g elem en ts th e righ t h an d sid e
of (3 .1 06 ) is

"Ã ! #
1 @ u h

F (v ) = (r;v ) + [r ;v ] + a ;v : (3.109 )− − Ni i ¡ \¡i I 2 @ n
J ¡ \¡i I

A n estim ate o f th e erro r, ê, m ay n ow b e fou n d b y solv in g th e lo ca l p rob lem

a (ê;v ) = F (v ) : (3.110 )− −i i

B an k an d W eiser p rov ed th at

2 2 2(1 ¡ ¯ )(1 ¡ ° )k ek · k êk · (1 ¡ C )k ek (3.111 )

w h ere ¯ ten d s to zero w ith h a n d ° a n d C a re con sta n ts less th an on e. T h ey a lso give
a n u m erical ex a m p le w h ere th e estim a tor ap p ears to b e asy m p totica lly ex a ct in th e
en erg y n orm . D u ra n an d R o d rig u ez a n aly sed th e estim ator in 199 1 [12 ]. T h ey p roved
th e estim ato r to b e a sy m p to tically ex act in th e en ergy n orm fo r regu lar solu tion s an d
p ara llel m esh es b u t sh ow ed th at it w a s n ot so in gen eral. A in sw orth [5 ] an a ly sed th e
estim ato r fo r ¯ n ite elem en t a p p rox im ation s o n q u a d rilateral m esh es an d p rov ed th a t

it is asy m p to tically ex a ct in th e en ergy n orm for regu lar so lu tion s p rov id ed th at th e
d egree of a p p rox im ation is o f o d d o rd er an d th a t th e elem en ts are recta n gles.

3 .3 .3 T h e B a n k -W e ise r e r ro r e stim a to r fo r 1 D p ro b le m s

F or on e d im en sio n al ¯ n ite elem en t p rob lem s it is com p aratively easier to d eriv e an d

im p lem en t th e B an k -W eiser erro r estim ato r th an for tw o d im en sion al p ro b lem s. L et
V b e a ¯ n ite elem en t su b sp ace of H th at con tain s h ig h er d eg ree p o ly n om ia ls th an V .
T h en , for th e elem en t − = (x ;x ),i i¡ 1 i

x iZ
0 0a(e;v ) = (a e v + bev ) d x (3.112 )− i

x i¡ 1

x iZ
x0 i 00= [a e v ] + (¡ (a e ) v + bev ) d x (3.113 )x i¡ 1

x i¡ 1

x0 i= [a e v ] + (r;v ) (3.114 )− ix i¡ 1
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^for a ll v in V . If w e ch o ose v to b elo n g to V , th e su b sp a ce of V in w h ich all fu n ction s
are zero a t x an d x , th en w e h av ei¡1 i

a(e;v ) = (r;v ) (3.115 )− −i i

^ ^for all v in V . H en ce w e can ¯ n d an a p p rox im ation to e in V , d en oted b y ê, b y solv in g

a(ê ;v ) = (r;v ) (3.116 )− −i i

^ ^ ^for a ll v in V . T h en , for ea ch elem en t, th e erro r is fou n d b y p u ttin g ê = N E an d
so lv in g

^ ^ ^K E = F (3.117 )

w h ere
x iZ

T T^ ^ ^ ^ ^K = a B B + bN N d x (3.118 )
x i¡ 1

x iZ
T^ ^F = rN d x (3.119 )

x i¡ 1

^d N
B̂ = : (3.120 )

d x

^If V is cu b ic, fo r ex a m p le, it m ay b e sp a n n ed lo cally b y

N̂ (x ) = (x ¡ x )(x ¡ x ) (3.121 )1 i¡ 1 i

N̂ (x ) = (x ¡ x )(x ¡ x )(2x ¡ x ¡ x ): (3.122 )2 i¡ 1 i i¡1 i

^L et u s co n sid er th e sim p lest case w h ere V is q u ad ra tic. T h en it m ay b e sp an n ed lo ca lly
over th e i'th elem en t b y

N̂ = (x ¡ x )(x ¡ x ) (3.123 )i¡1 i

^ ^an d K an d F b ecom e scalars. If a , b an d f a re co n stan t th en
Ã !

3 2h bh
K̂ = a + (3.124 )

3 10
Ã !

3h b
F̂ = f ¡ (U + U ) : (3.125 )i¡ 1 i

6 2

H en ce
F̂

Ê = (3.126 )
K̂

an d Ã !2
b3h f ¡ (U + U )i¡1 i
22 2^ ^ ^ ^ Ã !k êk = K E = F E = : (3.127 )2bh

1 2 a +
10
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3 .3 .4 Im p le m e n ta tio n o f th e B a n k -W e ise r e rro r e stim a to r

fo r 2 D p ro b le m s

F or th e lin ear tria n gu lar elem en t w e m ay m in im a lly con sid er, a s th e h ig h er o rd er ap -
^p rox im ation of th e erro r, a b ilin ear fu n ction . A s b asis fu n ction s for V , over th e stan d a rd

tria n gu lar elem en t, w e m ay u se

N̂ (x ;y ) = » (1 ¡ » ¡ ´ ) (3.128 )1

N̂ (x ;y ) = » ´ (3.129 )2

N̂ (x ;y ) = ´ (1 ¡ » ¡ ´ ) (3.130 )3

^w h ere » an d ´ are related to x a n d y b y (3.37 ). T o solve (3.1 10 ) fo r a ll v 2 V w e
con stru ct

^ ^ ^K E = F (3.131 )

w h ere
µ ¶Z

T T^ ^ ^ ^ ^K := a B B + bN N d x (3.132 )

x 2− iZ Z
T T^ ^ ^F := r N d x + sN d x (3.133 )

x 2− x 2¡ \¡i i

w h ere 8
> r ; if x 2 ¡B><

µ ¶s := : (3.134 )> @ u1> h: a ; if x 2 ¡ I2 @ n J

3 .4 N u m e r ic a l e x p e r im e n t

T o in vestigate th e e® ectiven ess of th e error estim a tors d iscu ssed w e sh all a p p ly th em
to th e ¯ n ite elem en t solu tio n to th e test p rob lem (3 .3 ) w ith

³ ´b 2 2f (x ;y ) = ¡ 2a (1 ¡ x ¡ y ) + x (3 ¡ 2 x ) + y (3 ¡ 2y ) (3.135 )
6

g (x ;y ) = 0 (3.136 )

to w h ich th e ex act solu tion is

1 12 2u (x ;y ) = x (3 ¡ 2x ) + y (3 ¡ 2y ): (3.137 )
6 6

T h is is p lotted in F igu re 3.2. A su ccession o f 7 u n ifo rm trian g u la r m esh es are u sed ,
ran g in g from 2 to 81 92 elem en ts. T h ese are sh ow n in F igu re 3.3. W e co n sid er th ree
cases w ith a = 1 an d b = 1, 10 0 an d 100 00 . T h e L n o rm s of th e tru e erro r gra d ien t an d2

th e gra d ien ts of th e th ree error estim a tes are given in T ab le 3.1 w h ere th e estim a tin g
fu n ctio n s are d en oted b y Z Z , S P R an d B W . T h ey sh ow th at th e g rad ien t of th e tru e
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error is con vergin g at a rate of O (h ) a s ex p ected . T h e g ra d ien t of th e Z ien k iew icz-Z h u
estim ates, Z Z an d S P R , are p ractically th e sam e a s ea ch oth er an d a lso sh ow O (h )

con vergen ce. In fact, for th e a = b ca se, th e estim a tes ap p ea r to b e asy m p totica lly
ex a ct in th e L n o rm . T h e B an k -W eiser estim ate is a t lea st co n sisten t for th e b = 12

an d b = 1 00 ca ses b u t sh ow s n o sign o f con v erg in g fo r th e b = 1 00 00 case w ith th e
m esh tried . T h is su gg ests a lim ita tion of th e B an k -W eiser estim ato r.

F igu re 3 .2 : 3 D p lot o f th e solu tion to th e test p ro b lem .
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n e= 2 n e= 4

n e= 32 n e= 12 8

n e= 512 n e= 204 8

F igu re 3 .3 : M esh u sed to calcu late ¯ n ite elem en t so lu tion to test p ro b lem .
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T ab le 3.1 : N u m erical resu lts com p arin g th ree error estim a tors.

bC ase 1 : = 1
a

2 2 2 2n e h k r ek k r Z Z k k r S P R k k r B W kL L L L2 2 2 2

2 1.00 00 00 4.09 30 0E -2 1.988 68E -3 1.98 868 E -3 2 .3 142 1E -2

4 0.50 00 00 1.15 66 4E -2 8.885 82E -4 9.24 959 E -4 1 .3 231 7E -2

3 2 0.25 00 00 3.23 02 1E -3 2.407 35E -3 2.41 513 E -3 3 .5 515 5E -3

12 8 0.12 50 00 8.46 94 9E -4 7.968 19E -4 7.96 333 E -4 9 .0 352 7E -4

51 2 0.06 25 00 2.15 33 9E -4 2.131 55E -4 2.13 083 E -4 2 .2 806 2E -4

204 8 0.03 12 50 5.41 30 5E -5 5.414 82E -5 5.41 423 E -5 5 .7 268 5E -5

819 2 0.01 56 25 1.35 55 5E -5 1.357 72E -5 1.35 768 E -5 1 .4 341 7E -5

bC a se 2 : = 1 00
a

2 2 2 2n e h k r ek k r Z Z k k r S P R k k r B W kL L L L2 2 2 2

2 1.00 00 00 6.74 90 5E -2 1.471 94E -2 1.47 194 E -2 5 .4 021 3E -2

4 0.50 00 00 1.36 36 6E -2 1.881 17E -3 1.91 838 E -3 3 .1 419 3E -2

3 2 0.25 00 00 3.78 22 9E -3 2.718 21E -3 2.71 778 E -3 2 .0 713 8E -2

12 8 0.12 50 00 9.65 35 2E -4 8.248 79E -4 8.24 059 E -4 1 .1 037 4E -2

51 2 0.06 25 00 2.41 43 1E -4 2.151 21E -4 2.15 038 E -4 3 .6 551 5E -3

204 8 0.03 12 50 6.03 68 2E -5 5.427 52E -5 5.42 690 E -5 9 .6 925 1E -4

819 2 0.01 56 25 1.50 95 8E -5 1.358 52E -5 1.35 848 E -5 2 .4 286 7E -4

bC ase 3 : = 10 000
a

2 2 2 2n e h k r ek k r Z Z k k r S P R k k r B W kL L L L2 2 2 2

2 1.00 00 00 8.30 97 1E -2 2.238 36E -2 2.23 836 E -2 1 .1 287 8E -1

4 0.50 00 00 1.84 56 9E -2 3.924 10E -3 3.95 596 E -3 1 .7 419 1E -1

3 2 0.25 00 00 5.32 16 7E -3 3.215 53E -3 3.20 666 E -3 6 .4 817 4E -1

12 8 0.12 50 00 1.63 70 7E -3 1.009 57E -3 1.00 925 E -3 1 .5 117 7E -0

51 2 0.06 25 00 4.81 32 9E -4 2.720 85E -4 2.72 066 E -4 1 .7 476 4E -0

204 8 0.03 12 50 1.15 71 4E -4 6.359 47E -5 6.35 912 E -5 1 .5 603 7E -0

819 2 0.01 56 25 2.29 01 8E -5 1.416 25E -5 1.41 621 E -5 1 .1 930 2E -0
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C h a p te r 4

M e sh G e n e r a tio n

4 .1 In tr o d u c tio n

A lth o u gh th is th esis is con cern ed w ith th e ¯ n ite elem en t so lu tion s to fra m e p rob lem s,

w h ich u se o n e-d im en sio n al elem en ts, tw o -d im en sion a l m esh es are req u ired to d iscretize
th e b eam cross-section s. S in ce w e w ish to d eal w ith cro ss-section s o f arb itrary sh a p e
w e req u ire a g en era l m eth o d of 2 D m esh g en eration .

F or on e d im en sion a l p rob lem s gen era tin g th e m esh is rela tiv ely straigh tforw ard ; on e
h as ju st to d ecid e on th e n u m b er o f elem en ts a n d th en to d iv id e th e d o m a in in to th a t
m an y in tervals. F or tw o d im en sion a l p rob lem s th e situ ation is q u ite com p lex . H ow ever,

for g eo m etrica lly sim p le d om ain s, su ch as a rectan gle, gen era tin g a m esh is n o t m u ch
m ore d i± cu lt th an in on e d im en sion . F or ex a m p le a trian g u la r m esh fo r a rectan g u la r
d om ain m ay b e g en era ted u sin g th e fo llow in g a lg orith m s:

G en era te th e elem en ts
G en erate th e n o d es

f o r i : = 0 t o n y - 1 d o
d x : = w / n x ;

b e g i n
d y : = h / n y ;

f o r j : = 0 t o n x - 1 d o
f o r i : = 0 t o n y - 1 d o

b e g i n
b e g i n

n 1 : = i * ( n x + 1 ) + j ;
f o r j : = 0 t o n x - 1 d o

n 2 : = n 1 + 1 ;
b e g i n

n 3 : = n 1 + n x + 1 ;
x : = i * d x ;

n 4 : = n 3 + 1 ;
y : = j * d y ;

E l e m e n t : = C r e a t e E l e m e n t ( n 1 , n 2 , n 4 ) ;
N o d e : = C r e a t e N o d e ( x , y ) ;

M e s h . A d d E l e m e n t ( E l e m e n t ) ;
M e s h . A d d N o d e ( N o d e ) ;

E l e m e n t : = C r e a t e E l e m e n t ( n 1 , n 2 , n 3 ) ;
e n d ;

M e s h . A d d E l e m e n t ( E l e m e n t ) ;
e n d ;

e n d ;

e n d ;

w h ere n x an d n y are th e n u m b er o f elem en ts alon g th e b a se an d h eigh t, resp ectively,
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an d w an d h are th e d im en sio n s o f th e recta n gle. In th e a lg orith m listin g o b ject
orien ted n o tatio n h a s b een u sed in w h ich M e s h is an o b ject con tain in g lists o f n o d es

an d elem en ts. T h e m eth o d s A d d N o d e a n d A d d E l e m e n t ad d n ew n o d es an d elem en ts
to th e m esh . N o d es a n d elem en ts are crea ted w ith th e fu n ctio n s C r e a t e N o d e an d
C r e a t e E l e m e n t , resp ectiv ely.

F or m ore co m p lex geom etries som e tech n iq u es h av e b een d ev elop ed to m a p th e rectan -
gu lar m esh o n to th e m o re co m p licated d o m a in . T h is ap p roa ch is d i± cu lt to g en era lise
for u se w ith a rb itra ry p oly go n al d om ain s. T h e tech n iq u e th at h as b een a d op ted h ere

is to ¯ rst d e¯ n e a coarse m esh w ith n o d es on ly alon g th e p o ly go n sid es a n d th en to
re¯ n e ea ch elem en t u n til som e criterion is satis¯ ed . T h is m ay b e th at th e n u m b er o f
re¯ n em en ts reach es a lim it or th at th e m ax im u m elem en t w id th is less th a n a sp ecī ed
n u m b er. In th e later ex a m p le on ly elem en ts fa ilin g th e criterio n n eed to b e re¯ n ed .
T h is m eth o d is p a rticu la rly w ell su ited fo r u se w ith erro r estim ates (C h ap ter 3 ) in

w h ich ca se th e criterion is fo r th e estim a ted error in th e elem en t to b e less th a n a
given to leran ce. O b v io u sly, th e ¯ n ite elem en t so lu tion m u st b e ca lcu lated for each
m esh w h ich m ay seem w astefu l. H ow ev er, if an iterative so lv er is u sed , su ch as th e
C o n ju gate G rad ien t M eth o d , th en th e solu tio n fro m ea ch stag e m ay b e u sed as th e
so lv er's startin g vector fo r th e n ex t. T h is m ay n ot b e a great sav in g b u t, as it is ea sy

to im p lem en t, it is b etter to d o so th an n ot.

4 .2 T h e m e sh g e n e r a tio n a lg o r ith m

T h e alg orith m for gen eratin g a 2D m esh is p resen ted h ere. T o illu strate th e algorith m
it is ap p lied to th e d o m a in in F igu re 4 .1 a.
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a) E x a m p le d om ain to b e m esh ed . b ) D o m a in n o d es.

c) D ela u n ay tria n gu lated n o d es. d ) A d d n ew d om ain n o d es.

e) F in a l D ela u n ay tria n gu lation .

F igu re 4 .1 - E x a m p le illu stratin g th e m esh g en eration algorith m .
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S te p 1

D e¯ n e th e d o m a in an d su b d o m a in s in term s of p oly g on s. T h e su b d o m ain s d e¯ n e areas
of d i® eren t m ateria l p rop erties, i.e. th e fu n ctio n s a , b, f an d g in S ectio n 3.1. D e¯ n e
a d a ta stru ctu re to sto re th e p oly go n s in d ex ed su ch th at an y su b d o m ain h a s a h igh er
in d ex th a n th e d o m a in th at su rrou n d s it. T h e d ata stru ctu re for F igu re 4.1a is

P oly g on In d ex V ertices

1 (0 ,0 ), (100 , 0 ), (100 , 100 ), (0 , 100 )

2 (3 0, 50 ), (5 0, 30 ), (70, 50 ), (50, 7 0)

S te p 2

D e¯ n e th e n o d es a s th e vertices of th e p oly gon s. S to re th e n o d es in a d ata stru c-
tu re b ein g su re n ot to in clu d e d u p licates. D e¯ n e a d ata stru ctu re th at rep resen ts th e
p o ly go n s in term s o f n o d e n u m b ers. T h e d ata stru ctu res for F igu re 4.1a are

N o d e In d ex x y

1 0 0

2 10 0 0

3 10 0 10 0 P o ly go n In d ex N o d es

4 0 10 0 1 1 ,2 ,3,4

5 3 0 5 0 2 5 ,6 ,7,8

6 5 0 3 0

7 7 0 5 0

8 5 0 7 0

an d th ese are illu strated in F igu re 4.1b .

S te p 3

T rian g u la te th e n o d es. T h is req u ires fou r su b -step s:

3.1: A p p ly th e D ela u n ay trian gu latio n algorith m to th e n o d es. T h is is ex p la in ed in
th e n ex t section . T h e D ela u n ay tria n gu lation of th e n o d es listed in S tep 2 is

T rian g le In d ex N o d e In d ices

1 1 6 5

2 2 7 6

3 3 8 7

4 4 5 8

5 5 6 8

6 6 7 8
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w h ich is illu stra ted in F ig u re 4.1 c.

3.2: C h eck th at th e tria n gle ed g es a re co n sisten t w ith th e p oly g on sid es. T h is is d on e

u sin g th e p o ly go n n o d es d ata stru ctu re d e¯ n ed in S tep 2. T h e trian gle ed ges are
con sisten t w ith th e p oly gon s if every p oly g on sid e is a tria n gle ed ge. If th e test fails
th en create n ew n o d es at th e m id p oin t o f every p o ly go n sid e th a t is n o t an ed ge in
th e D elau n ay trian g u la tio n . U p d a te th e p o ly go n n o d es d a ta stru ctu re. In th e ex a m p le
n on e of th e sid es of p oly gon 1 a re tria n gle ed ges th erefore n o d es a re ad d ed at (50 , 0),
(10 0, 50 ), (5 0, 10 0) a n d (0 , 5 0). H en ce th e d a ta stru ctu res in S tep 2 a re m o d ī ed to

N o d e In d ex x y

1 0 0

2 10 0 0

3 10 0 10 0

4 0 10 0

5 3 0 5 0 P oly gon In d ex N o d es

6 5 0 3 0 1 1,9,2,10,3,11 ,4 ,12

7 7 0 5 0 2 5 ,6 ,7,8

8 5 0 7 0

9 5 0 0

10 10 0 5 0

11 5 0 10 0

12 0 5 0

3.3: A d d th e n ew n o d es to th e D ela u n ay d ata stru ctu re if n eed ed as a resu lt o f 3.2. In
th e ca se of th e ex a m p le, w h en n o d es 9 , 1 0, 11 an d 1 2 h ave b een ad d ed , th e n ew d ata

stru ctu re is as follow s.

T rian g le In d ex N o d e In d ices

1 1 9 6

2 1 6 5

3 1 5 1 2

4 2 1 0 7

5 2 7 6

6 2 6 9

7 3 1 1 8

8 3 8 7

9 3 7 1 0

10 4 1 2 5

11 4 5 8

12 4 8 1 1

13 5 6 8

14 6 7 7

3.4: R ep ea t step s 3.2 a n d 3 .3 u n til th e p oly gon s a re co n sisten t w ith th e D ela u n ay

35



tria n gu lation . In th e ex am p le a ll p o ly go n sid es m atch tria n gle ed g es an d so n o m ore
n o d es are n eed ed . T h e trian g u la tion is com p lete.

S te p 4

Id en tify th e elem en ts th at n eed re¯ n in g an d crea te n ew n o d es a lo n g th eir ed ges. A d d
th e n o d es to th e D ela u n ay d a ta stru ctu re a s in step 3.3 th en rep ea t step s 3 .2 to 3.4.
F or th e ex am p le w e w ill n o t re¯ n e an y elem en ts.

S te p 5

A ssign th e correct p oly g on in d ex to each trian g le. E ach trian gle is in itially assig n ed
a n u ll p oly g on in d ex (say 0). S tartin g w ith th e p oly gon w ith th e h igh est in d ex a test
is m ad e o n each elem en t (w ith a n u ll p o ly go n in d ex ) to see if it lies in sid e th e cu rren t

p o ly go n . If it d o es th en th e elem en t's p o ly go n in d ex is set a n d th e rem ain in g elem en ts
are tested w ith th e n ex t p oly g on (in d escen d in g o rd er). A fter th e elem en ts h ave b een
tested w ith p o ly g on 2 all rem ain in g elem en ts (w h o se p o ly go n in d ex is n u ll) h ave th eir
p o ly go n in d ex set to 1 .

T h e test to d eterm in e w h eth er a n elem en t lies in sid e a p oly g on is p erfo rm ed b y trian -
gu latin g th e p oly g on (u sin g step 3) th en testin g to see if th e cen tro id of th e elem en t

lies in sid e an y of th e p oly gon 's trian g les.

F or th e ex am p le w e ¯ rst tria n gu late p o ly g on 2 :

T rian g le in d ex v ertices

1 (3 0, 50 ) (5 0, 30 ) (5 0, 70 )

2 (5 0, 30 ) (7 0, 50 ) (5 0, 70 )

T h en w e test each elem en t to see if it's cen troid lies in sid e on e o f th e elem en ts:
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E lem en t in d ex L ies in sid e trian g le

1 n o

2 n o

3 n o

4 n o

5 n o

6 n o

7 n o

8 n o

9 n o

10 n o

11 n o

12 n o

13 1

14 2

E lem en ts 13 an d 14 lie in sid e p oly g on 2 a n d so th eir p oly g on in d ices are set to 2.

E lem en ts 1 to 1 2 h av e th eir p oly g on in d ices set to 1 :

E lem en t in d ex P oly go n In d ex

1 1

2 1

3 1

4 1

5 1

6 1

7 1

8 1

9 1

10 1

11 1

12 1

13 2

14 2

T h a t com p letes th e m esh g en era tion . T h e n ex t sectio n d escrib es th e D elau n ay trian -

gu lation p ro cess th at is u sed in S tep 3.
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4 .3 D e la u n a y tria n g u la tio n

In 1 850 D irich let p rop osed a sy stem a tic m eth o d fo r th e d ecom p ositio n o f a g iv en d o-
m ain in to a set of p a cked con v ex p o ly g on s. G iven a set o f p o in ts th e D irich let tessela tio n
assig n s to ea ch a reg io n th a t is closer to th at p o in t th an an y o th er in th e set. T h is
resu lts in a set of n on -ov erlap p in g co n vex p o ly go n s coverin g th e en tire d o m a in . A n -
oth er n am e fo r th is stru ctu re, w h ich co m es from co m p u tatio n al geom etry, is a V oro n oi

d iagra m an d th e con vex p oly g on s are k n ow n a s V oro n oi region s. L et th e set of p oin ts
b e d en o ted b y f p : i = 1;:::;n g th en th e V o ro n oi region V is d e¯ n ed a si i

V = f p : jp ¡ p j < jp ¡ p j;j 6= ig (4 .1 )i i j

L et u s con sid er th e tw o d im en sion a l case. If th ere are on ly tw o p oin ts in th e set

th en th e V o ron o i d iag ram is ju st a lin e d iv id in g th e p lan e eq u ally b etw een th e p oin ts
(F ig u re 4 .2 a). If an oth er p oin t is a d d ed th en th e d ia gram con sists o f th ree lin es d iv id in g
th e p la n e b etw een th e th ree p o in ts a s sh ow n in F igu re 4.2b . T h e lin es m eet a p oin t
called a V o ron oi v ertex . T h e th ree p o in ts d e¯ n e a tria n gle w h ose sid es b isect th e
V o ron o i lin es at righ t an g les. A s m ore p oin ts are a d d ed (see F ig u re 4 .2 c) m ore tria n gles

are d e¯ n ed w ith th is relation to th e V o ron o i d iag ra m . T h e resu ltin g tria n gu lation is
k n ow n as a D elau n ay trian g u la tion . It h as th e p rop erty th at n o d e¯ n in g p o in t of an y
on e tria n gle lies in th e circle circu m scrib in g th e d e¯ n in g p oin ts o f a n y oth er trian gle.

F ig u re 4.2a F igu re 4 .2 b F ig u re 4.2c

T h e stru ctu re o f th e V o ron o i d iagra m a n d D ela u n ay trian g u la tio n m ay b e co m p letely
d escrib ed b y tw o lists fo r each V oron oi vertex ; a list of form in g p oin ts w h ich d e¯ n e th e
D ela u n ay trian gle an d a list o f th e n eig h b ou rin g v ertices. In n d im en sion s each v ertex
w ill h av e n + 1 fo rm in g p oin ts a n d th e sa m e n u m b er of n eigh b o u rin g vertices.

T h e a lg orith m fo r con stru ctin g a D ela u n ay tria n gu lation for a n y g iv en set of p oin ts is
a seq u en tial o n e. E ach p oin t is ad d ed , on e b y on e, to an ex istin g stru ctu re in w h ich

so m e V oron oi vertices a re d estroy ed an d n ew on es created to form th e n ew V oro n oi
d iagra m an d D elau n ay tria n gu lation . In itia lly o n e m u st create a stru ctu re su ch th a t
th e D elau n ay trian gu la tion en clo ses all th e p oin ts of th e set. A fter a ll p oin ts h ave b een
ad d ed to th e stru ctu re th e ex terior trian g les are rem ov ed . A s an ex am p le co n sid er th e
sq u are in F igu re 4 .3 a. In itia lly w e crea te a sim p le V oro n oi d ia gram th a t su rrou n d s

th e p o in ts (F igu re 4.3b ). W e en ter th e p o in ts o n e b y on e in to th e V o ron o i d iag ram
(F ig u res 4.3c a n d 4 .3 d ). F in ally th e ou ter h u ll is rem oved to leav e th e tria n gu lation o f
th e sq u are (F igu re 4.3e).
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a ) P oin ts to b e tria n gu lated . b ) In itia l V oro n oi d iagra m .

c) V oron o i d ia gram a fter a d d in g ¯ rst d ) V oro n oi d ia gra m a fter ad d in g all

p oin t. p o in ts.

e) V oron o i d ia gram w ith o u ter h u ll an d
V oro n oi vertices rem oved .

F igu re 4 .3 - Illu stratio n o f h ow th e V oro n oi algo rith m trian gu lates a sq u a re.
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T h e d eta ils of th e a lg orith m are n ow p resen ted in six step s. W h ere n ecessa ry o b ject
orien ted p seu d o-co d e sh all b e u sed w ith th e fo llow in g d ata stru ctu res:

V o r o n o i P o i n t

x : f l o a t

y : f l o a t

V o r o n o i V e r t e x

F o r m i n g P o i n t s : a r r a y [ 1 . . 3 ] o f i n t e g e r

N e i g h b o u r s : a r r a y [ 1 . . 3 ] o f i n t e g e r

x : f l o a t

y : f l o a t

S q u a r e R a d i u s : f l o a t

T a g : i n t e g e r

D i s t a n c e F r o m ( p x , p y ) = S q r ( x - p x ) + S q r ( x - p y )

T e s t P o i n t ( p x , p y ) = D i s t a n c e F r o m ( p x , p y ) < = S q u a r e R a d i u s

T r i a n g l e

p 1 : i n t e g e r

p 2 : i n t e g e r

p 3 : i n t e g e r

P o i n t s : a r r a y o f V o r o n o i P o i n t

V e r t i c e s : a r r a y o f V o r o n o i V e r t e x

T r i a n g l e s : a r r a y o f T r i a n g l e

N o te s

T h e V o r o n o i v e r t e x p ro p erty F o r m i n g P o i n t s stores th e p o in t in d ices of th e th ree
form in g p oin ts.

T h e V o r o n o i v e r t e x p rop erty N e i g h b o u r s sto res th e v ertex in d ices of th e th ree n eigh -
b o u rin g v ertices.

T h e V o r o n o i V e r t e x p rop erty S q u a r e R a d i u s sto res th e sq u are of th e rad iu s of th e

circle th a t circu m scrib es th e th ree fo rm in g p oin ts.

T h e V o r o n o i V e r t e x p ro p erty T a g p rov id es a w ay of tag gin g a vertex . It is u sed in th e
search rou tin e in S tep 3 to p reven t a vertex b ein g tested m o re th an o n ce.
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S te p 1

D e¯ n e th e in itial stru ctu re. T h is m ay b e d e¯ n ed b y fou r p oin ts fo rm in g a rectan gle
th at en closes a ll th e p oin ts th at a re to b e ad d ed .

V o ro n o i D ia g ra m

V o ro n o i D a ta S tru c tu re

V ertex F orm in g P oin ts N eig h b ou rin g V ertices

1 1 2 3 0 0 1

2 1 3 4 1 0 0

w h ere 0 d en otes a n u ll in d ex ; i.e. p o in ts to n o d e¯ n ed v ertex . E ach trian g le ed ge
b isects a V o ron o i ed g e th at lea d s to a n eig h b ou rin g V ertex . F o r ex am p le, v ertex 1

an d vertex 2 a re n eigh b ou rs join ed b y a V oron oi p o ly go n ed ge. T h eir fo rm in g p oin t
tria n gles sh are a trian g le ed ge fro m p o in t 1 to p oin t 3 w h ich b isects th e V o ron o i ed ge
at rig h t an gles. T h is is n ot im m ed iately clear from th e d iag ram a s th e V o ron o i ed ge
h as zero len g th .
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S te p 2

A d d th e n ew p oin t an y w h ere w ith in th e o u ter rectan gle. In th e ex a m p le b elow p oin t
n u m b er 6 is b ein g a d d ed to th e d ata stru ctu re after p oin t n u m b er 5 h as a lread y b een
ad d ed .

V o ro n o i D ia g ra m

V o ro n o i D a ta S tru c tu re

V ertex F orm in g P oin ts N eig h b ou rin g V ertices

1 4 1 5 0 3 2

2 3 4 5 0 1 4

3 1 2 5 0 4 1

4 2 3 5 0 2 3

N ote th at th is is th e V o ron oi stru ctu re p rior to th e ad d ition o f p o in t 6 .
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S te p 3

D eterm in e a ll vertices o f th e V oron o i d iag ram th a t m u st b e d eleted . T h ese a re th e
vertices w h ose form in g p oin ts d e¯ n e a circle (p a ssin g th ro u gh each form in g p oin t) th a t
en closes th e n ew p o in t. In th e ex am p le illu strated in S tep 2 v ertex n u m b ers 3 an d
4 a re to b e d eleted . T h is step in v olves a search p ro cess to id en tify a startin g v ertex
w h o se circle en closes th e n ew p oin t. O n ce a startin g v ertex h as b een fou n d all th e

oth er vertices to b e d eleted can b e fo u n d b y fo llow in g th e n eig h b ou rin g vertex lin k s.
T h e sea rch p ro cess to lo ca te th e startin g vertex fo llow s th e n eig h b ou rin g vertex lin k s
from an in itial vertex , th e p articu lar p a th d ep en d in g on w h ich n eigh b o u rin g vertex is
clo ser to th e n ew p oin t.

P se u d o -c o d e

T h is is a sim p le b u b b le sort rou tin e to so rt a n a rray of vertices in d ices, v , in to th e

ord er o f th eir d ista n ce fro m th e n ew p o in t :

p r o c e d u r e S w a p ( a , i , j )

b e g i n

t e m p : = a [ i ]

a [ i ] : = a [ j ]

a [ j ] : = t e m p

e n d

p r o c e d u r e S o r t V e r t i c e s ( v )

b e g i n

f o r i : = 1 t o 3 d o

d [ i ] : = V e r t i c e s [ v [ i ] ] . D i s t a n c e F r o m ( N e w P o i n t . x , N e w P o i n t . y )

f o r i : = 1 t o 3 d o

b e g i n

i f v [ i ] > 0 t h e n

b e g i n

f o r j : = 1 t o 3 d o

b e g i n

i f v [ j ] > 0 a n d d [ j ] < d [ i ] t h e n

b e g i n

S w a p ( v , i , j )

S w a p ( d , i , j )

e n d

e n d

e n d

e n d

e n d

C o n tin u ed ...
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S tartin g w ith th e last vertex to b e created follow th e n eigh b o u rin g v ertex lin k s u n til a
vertex is fou n d th a t n eed s to b e d eleted . T h e a lg orith m recu rsively ca lls th e p ro ced u re

S e a r c h . T o en su re a v ertex is n ot search ed m ore th an on ce th e T a g p rop erty o f each
vertex is set to th e cu rren t p o in t in d ex :

g l o b a l v a r i a b l e s

p : i n t e g e r

f o u n d : b o o l e a n

p r o c e d u r e S e a r c h ( v )

b e g i n

i f n o t f o u n d a n d v > 0 t h e n

b e g i n

i f V e r t i c e s [ v ] . T a g < > p t h e n

b e g i n

V e r t i c e s [ v ] . T a g : = p

f o u n d : = V e r t i c e s [ v ] . T e s t P o i n t ( N e w P o i n t . x , N e w P o i n t . y )

i f f o u n d t h e n

S t a r t i n g V e r t e x : = v

e l s e

b e g i n

f o r i : = 1 t o 3 d o n v [ i ] : = V e r t i c e s [ v ] . N e i g h b o u r s [ i ]

S o r t V e r t i c e s ( n v )

f o r i : = 1 t o 3 d o S e a r c h ( n v [ i ] )

e n d

e n d

e n d

e n d

p : = L e n g t h ( P o i n t s )

f o u n d : = F a l s e

S e a r c h ( L e n g t h ( V e r t i c e s ) )

C o n tin u ed ...
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F in d th e o th er vertices to b e d eleted b y testin g ev ery n eigh b o u rin g v ertex a n d every
n eig h b ou r's n eigh b ou rin g vertices. T o en su re ag ain st rep eated testin g set th e T a g

p rop erty o f ea ch v ertex tested to th e cu rren t p o in t in d ex :

S e t L e n g t h ( V e r t i c e s T o B e D e l e t e d , 1 )

V e r t i c e s T o B e D e l e t e d [ 1 ] : = v

T e s t V e r t e x N e i g h b o u r s ( v )

p : = L e n g t h ( P o i n t s )

i : = 1

w h i l e i < = L e n g t h ( V e r t i c e s T o B e D e l e t e d ) d o

b e g i n

v : = V e r t i c e s T o B e D e l e t e d [ n ]

f o r j : = 1 t o 3 d o

b e g i n

n v : = V e r t i c e s . N e i g h b o u r s [ j ]

i f V e r t i c e s [ n v ] . T a g < > p t h e n

b e g i n

V e r t i c e s [ n v ] . T a g : = p

i f V e r t i c e s [ n v ] . T e s t P o i n t ( P o i n t s [ p ] . x , P o i n t s [ p ] . y ) t h e n

b e g i n

n : = L e n g t h ( V e r t i c e s T o B e D e l e t e d ) + 1

V e r t i c e s T o B e D e l e t e d [ n ] : = n v

e n d

e n d

e n d

i n c ( i )

e n d
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S te p 4

C reate a list of th e n ew v ertices in clu d in g th eir form in g p o in ts an d o n e n eigh b o u rin g
vertex . R em ov in g th e trian g le ed ges th at b isect th e lin es join in g n eig h b ou rin g vertices
th at h av e b een m arked for d eletio n leaves a con vex p oly gon en clo sin g th ose vertices.
T h e list of n ew v ertices is created b y listin g th e sid es of th e con v ex p o ly go n . E ach sid e
is d e¯ n ed b y tw o p o in ts w h ich w ill b e th e ¯ rst tw o fo rm in g p o in ts of a n ew vertex . T h e

rem a in in g fo rm in g p oin t w ill b e th e n ew o n e ad d ed in step 2 . E ach sid e co n n ects to a
n eig h b ou rin g vertex . T h is w ill b e th e ¯ rst n eigh b ou r o f th e n ew vertex .

D a ta fo r n e w v e rtic e s

S id e F orm in g P oin ts N eig h b ou rin g V ertex

1 1 2 0

2 2 3 0

3 3 5 2

4 5 1 1

P se u d o -c o d e

T est th e n eig h b ou rs of each vertex in V e r t i c e s T o B e D e l e t e d to see if th ey th em selv es
are m a rked fo r d eletion . If a n eigh b o u r is n ot in V e r t i c e s T o B e D e l e t e d th en create
a n ew v ertex . T h e ¯ rst tw o form in g p o in ts are th ose com m on to th e vertex a n d th e
n eig h b ou r. T h e o th er is th e n ew p oin t. T h e ¯ rst n eig h b ou r of th e n ew vertex is th e

n eig h b ou r of th e d eleted v ertex . T h e n ew v ertex is created an d sto red in N e w V e r t i c e s :

F o r i : = 1 t o L e n g t h ( V e r t i c e s T o B e D e l e t e d ) d o

b e g i n

f o r j : = 1 t o 3 d o

b e g i n

v : = V e r t i c e s T o B e D e l e t e d [ i ]

i f n o t ( V e r t i c e s [ v ] . N e i g h b o u r s [ j ] i n V e r t i c e s T o B e D e l e t e d ) t h e n

b e g i n

n : = L e n g t h ( N e w V e r t i c e s ) + 1

S e t L e n g t h ( N e w V e r t i c e s , n )

N e w V e r t i c e s [ n ] . F o r m i n g P o i n t s [ 1 ] : = V e r t i c e s [ v ] . F o r m i n g P o i n t s [ j ]

i f j = 3 t h e n

N e w V e r t i c e s [ n ] . F o r m i n g P o i n t s [ 2 ] : = V e r t i c e s [ v ] . F o r m i n g P o i n t s [ 1 ]

e l s e

N e w V e r t i c e s [ n ] . F o r m i n g P o i n t s [ 2 ] : = V e r t i c e s [ v ] . F o r m i n g P o i n t s [ j + 1 ]

N e w V e r t i c e s [ n ] . N e i g h b o u r s [ 1 ] : = V e r t i c e s [ v ] . N e i g h b o u r s [ j ]

p : = L e n g t h ( P o i n t s )

N e w V e r t i c e s [ n ] . F o r m i n g P o i n t s [ 3 ] : = p

e n d

e n d

e n d
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S te p 5

A d d th e n ew v ertices to th e v ertex list overw ritin g d eleted en tries.

V o ro n o i D a ta S tru c tu re

V ertex F orm in g P oin ts N eig h b ou rin g V ertices

1 4 1 5 0 3 2

2 3 4 5 0 1 4

3 3 5 6 2 ? ?

4 2 3 6 0 ? ?

5 1 2 6 0 ? ?

6 5 1 6 1 ? ?

P se u d o -c o d e

W e w ill w a n t to k n ow w h ere th e n ew vertices h ave b een stored in V e r t i c e s so w e w ill
sto re th e m a p p in g from N e w V e r t i c e s to V e r t i c e s in N e w V e r t e x I n d i c e s :

S e t L e n g t h ( N e w V e r t e x I n d i c e s , L e n g t h ( N e w V e r t i c e s ) )

F irst overw rite d eleted v ertices :

f o r i : = 1 t o L e n g t h ( V e r t i c e s T o B e D e l e t e d ) d o

b e g i n

v : = V e r t i c e s T o B e D e l e t e d [ i ]

V e r t i c e s [ v ] : = N e w V e r t i c e s [ i ]

N e w V e r t e x I n d i c e s [ i ] : = v

e n d

N ow crea te n ew vertices if n ecessary :

f o r i : = L e n g t h ( V e r t i c e s T o B e D e l e t e d ) + 1 t o L e n g t h ( N e w V e r t i c e s ) d o

b e g i n

v : = L e n g t h ( V e r t i c e s ) + 1

S e t L e n g t h ( V e r t i c e s , v )

V e r t i c e s [ v ] : = N e w V e r t i c e s [ i ]

N e w V e r t e x I n d i c e s [ i ] : = v

e n d
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S te p 6

U p d ate th e n eigh b o u r lin k s o f th e n ew vertices a n d th e vertices th at su rro u n d th em
b y search in g for com m on fo rm in g p oin ts.

V o ro n o i D ia g ra m

V o ro n o i D a ta S tru c tu re

V ertex F orm in g P oin ts N eig h b ou rin g V ertices

1 4 1 5 0 6 2

2 3 4 5 0 1 3

3 3 5 6 3 6 4

4 2 3 6 0 3 5

5 1 2 6 0 4 6

6 5 1 6 4 5 3

48



P se u d o -c o d e

U p d ate th e n eigh b o u rs o f th e su rrou n d in g vertices :

f o r i : = 0 t o L e n g t h ( N e w V e r t i c e s ) d o

b e g i n

v : = N e w V e r t e x I n d i c e s [ i ]

p 1 : = V e r t i c e s [ v ] . F o r m i n g P o i n t s [ 1 ]

p 2 : = V e r t i c e s [ v ] . F o r m i n g P o i n t s [ 2 ]

w : = V e r t i c e s [ v ] . N e i g h b o u r s [ 1 ]

i f w > 0 t h e n

b e g i n

i f V e r t i c e s [ w ] . F o r m i n g P o i n t s [ 1 ] = p 1 t h e n

V e r t i c e s [ w ] . N e i g h b o u r s [ 3 ] : = v

e l s e i f V e r t i c e s [ w ] . F o r m i n g P o i n t s [ 2 ] = p 1 t h e n

V e r t i c e s [ w ] . N e i g h b o u r s [ 1 ] : = v

e l s e

V e r t i c e s [ w ] . N e i g h b o u r s [ 2 ] : = v

e n d

e n d

C o m p lete th e n eigh b o u rs o f th e n ew v ertices :

f o r i : = 1 t o L e n g t h ( N e w V e r t i c e s ) d o

b e g i n

v : = N e w V e r t e x I n d i c e s [ i ]

p 1 : = V e r t i c e s [ v ] . F o r m i n g P o i n t s [ 2 ]

p 2 : = V e r t i c e s [ v ] . F o r m i n g P o i n t s [ 3 ]

j : = 1

w h i l e j < = L e n g t h ( N e w V e r t i c e s ) d o

b e g i n

i f ( j < > i ) t h e n

b e g i n

w : = N e w V e r t e x I n i c e s [ j ]

q 1 : = V e r t i c e s [ w ] . F o r m i n g P o i n t s [ 2 ]

q 2 : = V e r t i c e s [ w ] . F o r m i n g P o i n t s [ 3 ]

i f ( p 1 = q 2 ) a n d ( p 2 = q 1 ) t h e n

b e g i n

V e r t i c e s [ v ] . N e i g h b o u r s [ 2 ] : = w

V e r t i c e s [ w ] . N e i g h b o u r s [ 3 ] : = v

e n d

e n d

i n c ( j )

e n d

e n d

49



S te p 7

C a lcu la te th e co o rd in a tes an d sq u are rad iu s for each n ew v ertex .

P se u d o -c o d e

F u n c t i o n V o r o n o i V e r t e x . C a l c u l a t e V a l u e s

b e g i n

x 1 : = P o i n t s [ F o r m i n g P o i n t s [ 1 ] ] . x

x 2 : = P o i n t s [ F o r m i n g P o i n t s [ 2 ] ] . x

x 3 : = P o i n t s [ F o r m i n g P o i n t s [ 3 ] ] . x

y 1 : = P o i n t s [ F o r m i n g P o i n t s [ 1 ] ] . y

y 2 : = P o i n t s [ F o r m i n g P o i n t s [ 2 ] ] . y

y 3 : = P o i n t s [ F o r m i n g P o i n t s [ 3 ] ] . y

x 1 2 : = x 1 - x 2

x 2 3 : = x 2 - x 3

y 1 2 : = y 1 - y 2

y 2 3 : = y 2 - y 3

c 1 : = S q r ( x 1 ) - S q r ( x 2 ) + S q r ( y 1 ) - S q r ( y 2 )

c 2 : = S q r ( x 2 ) - S q r ( x 3 ) + S q r ( y 2 ) - S q r ( y 3 )

x : = 0 . 5 * ( c 1 * y 2 3 - c 2 * y 1 2 ) / ( x 1 2 * y 2 3 - x 2 3 * y 1 2 )

y : = 0 . 5 * ( c 1 * x 2 3 - c 2 * x 1 2 ) / ( y 1 2 * x 2 3 - y 2 3 * x 1 2 )

S q u a r e R a d i u s : = S q r ( x 1 - x ) + S q r ( y 1 - y )

e n d

f o r i : = 1 t o L e n g t h ( N e w V e r t i c e s ) d o

b e g i n

v : = N e w V e r t e x I n d i c e s [ i ]

V e r t i c e s [ v ] . C a l c u l a t e V a l u e s

e n d

S te p 8

R ep eat step s 2 to 7 u n til all p oin ts h av e b een ad d ed .
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S te p 9

R em ov e trian g les con n ected to th e in itial stru ctu re. T h is m ay b e a ch iev ed w ith a
fu n ctio n th at retu rn s th e tria n gu lation of p oin ts from th e V o ron o i S tru ctu re. In th e
follow in g ex a m p le a list o f p o in ts h a s b een ad d ed to a v oron oi stru ctu re th a t in itia lly
h as 4 p oin ts. H en ce a p o in t th a t h as in d ex i h a s in d ex i + 4 in th e V o ron oi d iag ram .

P se u d o -c o d e

F u n c t i o n G e t T r i a n g l e s

b e g i n

F o r i : = 1 t o L e n g t h ( V e r t i c e s ) d o

b e g i n

p 1 : = V e r t i c e s [ i ] . F o r m i n g P o i n t s [ 1 ] - 4

p 2 : = V e r t i c e s [ i ] . F o r m i n g P o i n t s [ 2 ] - 4

p 3 : = V e r t i c e s [ i ] . F o r m i n g P o i n t s [ 3 ] - 4

i f p 1 > 0 a n d p 2 > 0 a n d p 3 > 0 t h e n

b e g i n

n : = L e n g t h ( T r i a n g l e s ) + 1

S e t L e n g t h ( T r i a n g l e s , n )

T r i a n g l e s [ n ] . p 1 : = p 1

T r i a n g l e s [ n ] . p 2 : = p 2

T r i a n g l e s [ n ] . p 3 : = p 3

e n d ;

e n d ;

e n d ;

F or a p p lication s in ¯ n ite elem en t m o d ellin g w e o n ly w a n t trian g les in sid e th e p o ly g-
on a l b ou n d a ry. A n ex am p le of h ow th e D elau n ay algo rith m m ay resu lt in u n w an ted
tria n gles ou tsid e th e b o u n d ary is illu strated in F igu re 4 .4 . H ere, th e b o u n d ary is given ,
an ticlo ck w ise, b y n o d es 1, 2, 3 , 4, 5 a n d 6 b u t th e D elau n ay a lg orith m h a s crea ted a

tria n gle w ith n o d es 5, 1 an d 6 . F o rtu n ately it is easy to test w h eth er o r n ot a trian gle
lies in sid e th e b o u n d ary sin ce th e n o d al o rd er is a lw ay s an ticlo ck w ise. In th is p a rticu la r
ex a m p le th e ¯ rst tria n gle n o d e is 5 an d th e n ex t is 1 . If th e trian g le w a s in sid e th e
b o u n d ary th en th e n ex t b o u n d ary n o d e th a t is a lso in th e tria n gle w o u ld b e 1 . T h e
n ex t b o u n d ary n o d e is a ctu a lly 6 so th e trian g le d o es n o t lie in sid e th e b ou n d a ry.
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P se u d o -c o d e

L et B o u n d a r y d en o ted th e list of n o d e n u m b ers o n th e b ou n d ary ord ered an ticlo ck w ise.

L et p 1 , p 2 a n d p 3 b e th e in d ices of th e tria n gle p oin ts. T h e fu n ction retu rn s tru e if
th e tria n gle lies in sid e th e p oly gon b o u n d ary :

f u n c t i o n T e s t T r i a n g l e ( p 1 , p 2 , p 3 )

b e g i n

j : = I n d e x O f ( B o u n d a r y , p 1 )

r e p e a t

i f j = L e n g t h ( B o u n d a r y ) t h e n

j : = 1

e l s e

j : = j + 1

p : = B o u n d a r y [ j ]

u n t i l p = p 2 o r p = p 3

R e s u l t : = p = p 2

e n d

F ig u re 4.4 - B o u n d a r y = f 1 ;2;3;4;5 ;6 g . T h e tria n gle ed g e f 5;1g d o es n o t ap p ear in
ord er in B o u n d a r y h en ce th e trian gle f 5;1;6 g is n ot in sid e th e p o ly g on .
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4 .4 A n o te a b o u t r e ¯ n in g a D e la u n a y tr ia n g u la -

tio n

In th e m esh g en era tio n a lgo rith m a m esh is gen erated b y a d d in g n o d es w ith in elem en ts
of a co arser m esh . H en ce, w ith resp ect to th e V oro n oi d iag ram o f th e co arser m esh , a
sta rtin g v ertex (d eterm in ed in step 3) is a lread y k n ow n for ev ery p o in t to b e ad d ed .

1
2T h is p oten tially rem oves th e sea rch p ro cess w h ich is of o rd er n w h ere n is th e cu rren t

n u m b er o f p o in ts. H ow ever, sin ce th e vertices ch an ge a fter th e a d d itio n of each p o in t,
ex tra w ork w o u ld b e req u ired to k eep th e list of sta rtin g v ertices co n sisten t w ith th e

cu rren t V oro n oi D iagra m . T h is h a s n ot b een attem p ted b y th e a u th or.

53



C h a p te r 5

S tr u c tu r a l M o d e llin g

5 .1 In tr o d u c tio n

T h is ch ap ter serves a s a n in tro d u ctio n to stru ctu ral m o d ellin g. T h e p h y sical con cep ts

d escrib ed h ere a re n eed ed in su b seq u en t ch a p ters. In p articu la r, th e gen eral in teg ral
form o f th e eq u ilib riu m eq u a tio n s in (5.31 ) an d (5 .3 2) w ill b e u sed , in C h a p ter 7,
to d eriv e th e eq u ilib riu m eq u ation s g overn in g a b eam . E v ery th in g con tain ed in th is
ch a p ter is sta n d ard an d m ay b e fou n d in tex ts su ch as S p en cer [2 9], H u n ter [15] o r
O d en [2 4]. T h e th eory p resen ted h ere ga th ers to geth er th e relevan t p arts o f th ese tex ts

to m a ke th is th esis self-co n ta in ed .

5 .2 S tr e ss

5 .2 .1 T h e str e ss te n so r

3C o n sid er a b o d y, − 2 R , w h ose su rface, ¡ , is su b jected to a force vecto r, P (x ), w h ere
x 2 ¡ . W e d e¯ n e th e su rfa ce tra ction vecto r, t(x ), at x = p 2 ¡ to b e

¯̄
d P ¯

t(p ) = ¯ : (5 .1 )¯d ¡ x = p

L et e , e a n d e b e th e b ase vecto rs of a rectan g u la r cartesian co ord in ate sy stem an d1 2 3

let t , t an d t b e th e tra ction v ecto rs on su rfaces th at are n orm al to e , e an d e1 2 3 1 2 3

resp ectiv ely. W e m ay th en w rite

t = ¾ e + ¾ e + ¾ e (5 .2 )1 1 1 1 1 2 2 1 3 3

t = ¾ e + ¾ e + ¾ e (5 .3 )2 2 1 1 2 2 2 2 3 3

t = ¾ e + ¾ e + ¾ e (5 .4 )3 3 1 1 3 2 2 3 3 3
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w h ere th e ¾ 's a re k n ow n a s stress co m p on en ts. F or a g en eral su rface, ¡ , w h ose n orm alij

vector a t th e p o in t p is n th e tra ction is given b y

t = t ¢ n e + t ¢ n e + t ¢ n e (5 .5 )1 1 2 2 3 3

or, in m atrix fo rm ,
Tt = ¾ n (5 .6 )

w h ere ¾ is k n ow n a s th e C au ch y stress ten sor. L ater w e w ill sh ow th at ¾ is sy m m etric
so th at

t = ¾ n : (5 .7 )

5 .2 .2 P rin c ip a l stre sse s

T h e co m p on en ts of ¾ d ep en d on th e ch osen co ord in ate sy stem . G en erally, t d o es n o t
act in th e sam e d irectio n as n . W h en t a n d n d o h av e th e sam e d irectio n th en w e ca n
w rite

t = ¾ n (5 .8 )

w h ere ¾ is th e m a gn itu d e of t. H en ce

¾ n = ¾ n (5 .9 )

so th at ¾ is a n eig en va lu e o f ¾ . T h e th ree eig en va lu es, call th em ¾ , ¾ an d ¾ , are1 2 3

fou n d from
j¾ ¡ ¾ I j = 0: (5.10 )

T h ey are called th e p rin cip al stresses a n d are ea ch asso ciated w ith a p rin cip al stress
Td irectio n . In a n oth er co ord in ate sy stem ¾ w ou ld b eco m e R ¾ R w h ere R is a p ro p er

Torth o go n al ten sor. T h at m ean s th at R R = I a n d jR j = 1 w h ich im p ly th a t

TjR ¾ R ¡ ¾ I j = jR jj¾ ¡ ¾ I jjR j = j¾ ¡ ¾ I j: (5.11 )

T h is m ea n s th at th e p rin cip a l stresses a re in d ep en d en t o f th e co ord in ate sy stem . E x -
p an d in g (5.10 ) w e ¯ n d th a t th e p rin cip al stresses are th e so lu tion s of

3 2¾ ¡ I ¾ + I ¾ ¡ I = 0 (5.12 )1 2 3

w h ere

I = tr(¾ ) = ¾ + ¾ + ¾ ; (5.13 )1 1 1 2 2 3 3
³ ´1 2 2 2 2 2I = tr(¾ ) ¡ tr(¾ ) = ¾ ¾ + ¾ ¾ + ¾ ¾ ¡ ¾ ¡ ¾ ¡ ¾ ; (5.14 )2 1 1 2 2 2 2 3 3 3 3 1 1 1 2 2 3 1 32

2 2 2I = j¾ j = ¾ ¾ ¾ + 2¾ ¾ ¾ ¡ ¾ ¾ ¡ ¾ ¾ ¡ ¾ ¾ : (5.15 )3 1 1 2 2 3 3 1 2 2 3 1 3 1 1 2 2 3 32 3 1 3 1 2
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T h e q u a n tities I , I a n d I , lik e th e p rin cip al stresses, a re in d ep en d en t o f th e co o rd i-1 2 3

n ate sy stem an d are ca lled in varia n ts o f th e stress ten sor. S in ce th ey are in d ep en d en t

of th e co ord in ate sy stem w e can ch o o se th e co ord in ate ax es to corresp o n d w ith th e
p rin cip al d irectio n s from w h ich th e rela tio n s can b e w ritten in term s of th e p rin cip al
stresses. H en ce w e h av e

I = ¾ + ¾ + ¾ ; (5.16 )1 1 2 3

I = ¾ ¾ + ¾ ¾ + ¾ ¾ ; (5.17 )2 1 2 2 3 3 1

I = ¾ ¾ ¾ : (5.18 )3 1 2 3

5 .2 .3 S p h e ric a l a n d d e v ia to ric str e ss te n so r s

T h e stress ten sor m ay b e w ritten a s

0 00¾ = ¾ + ¾ (5.19 )

w h ere
0 1

2 ¾ ¡ ¾ ¡ ¾1 1 2 2 3 3 ¾ ¾1 2 1 33B CB C0 2 ¾ ¡ ¾ ¡ ¾2 2 3 3 1 1¾ := B C ; (5.20 )¾ ¾1 2 2 3@ A3
2¾ ¡ ¾ ¡ ¾3 3 1 1 2 2¾ ¾1 3 2 3 3

0 1¾ + ¾ + ¾1 1 2 2 3 3 0 03B C
00 ¾ + ¾ + ¾B C1 1 2 2 3 3¾ := : (5.21 )0 0@ A3

¾ + ¾ + ¾1 1 2 2 3 30 0 3

W h en th e co ord in ate d irection s co in cid e w ith th e p rin cip al d irection s of stress th is
d eco m p osition sim p lī es to

0 1
2¾ ¡ ¾ ¡ ¾1 2 3 0 03B CB C0 2¾ ¡ ¾ ¡ ¾2 3 1¾ := B C ; (5.22 )0 0@ A3

2¾ ¡ ¾ ¡ ¾3 1 20 0 3
0 1¾ + ¾ + ¾1 2 3 0 03B C

00 ¾ + ¾ + ¾B C1 2 3¾ := : (5.23 )0 0@ A3
¾ + ¾ + ¾1 2 30 0 3

00 0T h e ten sor ¾ is k n ow n a s th e sp h erical stress ten sor a n d ¾ is k n ow n a s th e d ev iatoric
00 00stress ten sor. T h e in varian ts o f th e sp h erica l stress ten so r are d en oted b y I , I an d1 2

00I an d w ork ou t to b e3

00I = ¾ + ¾ + ¾ = I (5.24 )1 2 3 11
2 2(¾ + ¾ + ¾ ) I1 2 3 100I = = (5.25 )2 3 3
3 3(¾ + ¾ + ¾ ) I1 2 300 3I = = : (5.26 )3 27 27
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0 0 0S im ila rly th e in va ria n ts o f th e d ev iato ric stress ten sor are d en o ted b y I , I an d I an d1 2 3

are

0I = 0 (5.27 )1
2 2 2 2(¾ ¡ ¾ ) + (¾ ¡ ¾ ) + (¾ ¡ ¾ ) I1 2 2 3 3 1 10I = ¡ = I ¡ (5.28 )22 6 3

2(2 ¾ ¡ ¾ ¡ ¾ )(2¾ ¡ ¾ ¡ ¾ )(2¾ ¡ ¾ ¡ ¾ ) I I 2I1 2 3 2 3 1 3 1 2 1 2 10I = = I ¡ + :(5.29 )33 2 7 3 27

0C lea rly I is n o n -p ositiv e. S om e au th o rs d e¯ n e th e seco n d d ev iato ric stress in varian t2

to b e n on -n egative sin ce it is p rop ortio n al to th e d istortion en ergy. L et u s d e¯ n e th e
in va ria n t J a s2

2 2 2(¾ ¡ ¾ ) + (¾ ¡ ¾ ) + (¾ ¡ ¾ )1 2 2 3 3 10J := ¡ I = : (5.30 )2 2 6

T h e stress in va rian ts I a n d J w ill b e u sed in C h ap ter 8 , th e th eo ry of P lasticity.1 2

5 .3 E q u ilib r iu m

W e a ssu m e th a t, for th e b o d y to b e in eq u ilib riu m , th e resu lta n t force a n d th e resu ltan t
cou p le a ctin g w ith in − are zero. T h ere are tw o k in d s of force u n d er con sid eration . T h ey
are th e su rfa ce forces, t, actin g th ro u gh ¡ a n d th e b o d y forces, f , a ctin g th ro u gh o u t
− . F o r th e resu lta n t force to b e zero

Z Z
t(x )d x + f (x )d x = 0 (5.31 )

x 2¡ x 2−

F or th e resu lta n t co u p le to b e zero ab ou t an arb itrarily ch osen o rig in , o , w e req u ire

th at Z Z
(x ¡ o ) £ t(x )d x + (x ¡ o ) £ f (x )d x (5.32 )

x 2¡ x 2−

U sin g th e d ivergen ce th eorem (5.31 ) a n d (5.3 2) m ay b e w ritten , in co m p on en t fo rm ,

as
Ã !Z

@ ¾ ij
+ f d x = 0 (5.33 )j

@ x i
x 2−( Ã ! )Z

@ ¾ rq
e (x ¡ o ) + f + ¾ d x = 0 (5.34 )jp q p p q p q

@ x r
x 2−

w h ere e d en otes th e a ltern atin g sy m b ol. T h ese eq u ation s m u st h o ld fo r an y vo lu m eij k

− in clu d in g an y of its su b region s an d so, for eq u ilib riu m th rou gh ou t − ,

@ ¾ ij
+ f = 0 (5.35 )j

@ x i

¾ = ¾ (5.36 )p q q p
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for a ll x 2 − . If can b e sh ow n [29] th at (5 .3 6) also h old s for a b o d y in m otion an d so,
in gen era l, ¾ is sy m m etric. E q u ation s (5.35) a n d (5.36 ) are u su a lly co m b in ed so th a t

th e eq u a tio n s o f eq u ilib riu m are sta ted as

@ ¾ ij
+ f = 0 (5.37 )i

@ x i

w h ere it is assu m ed th a t ¾ is sy m m etric.

5 .4 S tr a in

W h en a b o d y is su b jected to forces w h ilst b ein g p artly restrain ed it is seen to ch a n ge
sh a p e. T h is p ro cess is k n ow n a s d eform atio n . A m ea su re of th e d eform atio n is ca lled

a strain . P h y sics teach es u s th at th ere are tw o catego ries of stra in : lon gitu d in al an d
sh ear. C on sid er th e b o d y in q u estion a s a cu b e restin g on a sm o oth su rfa ce w ith a force
ap p lied ev en ly over th e to p face. T h e cu b e, w h ich h a s h eig h t h , b eco m es sq u ash ed in to

¢ ha cu b oid of h eigh t h ¡ ¢ h . T h e lo n gitu d in a l strain is d e¯ n ed as ¡ . S u p p ose in stea d
h

th at th e cu b e is ¯ x ed to th e su rface so th at is can n ot slid e a n d th a t a force is a p p lied

over o n e of th e vertica l sid es. T h is tim e th e cu b e d efo rm s to a p a rallelo p ip ed ; th e to p
uface h av in g m oved a d ista n ce u . T h e sh ear sta in is d e¯ n ed as . W e refer to th ese
h

stra in s as en gin eerin g strain s. T h ey serv e as su ± cien t m ea su res o f th e d eform ation of a
b o d y u n d er p articu la r loa d in g an d restra in in g con d ition s. In m a th em atica l m o d ellin g
w e req u ire a m ore gen era l d e¯ n itio n of strain d escrib in g th e w ay a b o d y d eform s from

on e con ¯ g u ration to an o th er. L et u s d en ote b y X , i = 1;2;3, th e C artesian co ord in atei

sy stem o f th e u n d efo rm ed b o d y an d b y x th e co ord in ate sy stem of th e d eform ed b o d y.i

T h e d isp lacem en ts u a re d e¯ n ed a si

u = x ¡ X : (5.38 )i i i

A p o ssib le m easu re o f d efo rm a tio n is th e d eform ation g rad ien t ten so r, F , given b y

@ x @ ui i
F = = + ± (5.39 )ij ij

@ X @ Xj j

w h ich gives th e u n it ten sor, I , if a ll d isp lacem en ts are con stan t. S in ce w e are con cern ed
w ith th e ch a n ge in th e b o d y 's sh a p e w e sh o u ld lo ok for a m easu re th a t gives I for a

rig id b o d y m o tion . T h is is w h en th e d eform ation con sists of a con stan t d isp lacem en t
an d a ro tation ; i.e.

x = c + R X (5.40 )

Tw h ere c is a co n stan t v ector a n d R is a p ro p er orth o gon al ten sor (i.e. R R = I an d
d etR = 1 ). F or a d eform ation of th e fo rm (5.40 ) F = Q an d so F is n ot a su itab le
m ea su re. R elated to F are th e sy m m etric ten so rs

TC = F F (5.41 )
TB = F F (5.42 )
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k n ow n a s th e righ t a n d left C a u ch y -G reen d eform ation ten so rs, resp ectively. T h ese
are b oth su itab le m easu res of d efo rm a tio n sin ce C = B = I w h en x h as th e fo rm in

(5.40 ); i.e. th ey m easu re th e stretch in g o f th e m ateria l. A m a terial lin e segm en t ¢ X

d eform s to a lin e seg m en t ¢ x = F ¢ X w h ich ca n h av e a d i® eren t o rien ta tio n a n d a
d i® eren t len gth . T h e stretch in g is con cern ed w ith th e ch a n ge o f len gth of su ch lin e
segm en ts an d for th is w e n o te th at

2 T T T Tj¢ x j = ¢ x ¢ x = ¢ X F F ¢ X = ¢ X C ¢ X : (5.43 )

F or th e ch an g e in len gth w e h av e

T T2 2j¢ x j ¡ j¢ X j = ¢ X (C ¡ I ))¢ X = 2 ¢ X E ¢ X (5.44 )

w h ere Ã !
1 @ u @ u @ u @ ui j k k

E = + + (5.45 )ij
2 @ X @ X @ X @ Xj i i j

is k n ow n a s th e L a gran g ia n strain ten so r. It m easu res th e d efo rm a tio n o f a b o d y w ith
resp ect to th e in itial co o rd in ate sy stem . In th e case o f sm all d eform ation , w h ere F ¼ I

an d j¢ x j ¼ j¢ X j, w e h av e

Ã !
1 @ u @ ui j

E ¼ + = ² (5.46 )ij ij
2 @ X @ Xj i

w h ere ² is th e in ¯ n itesim al strain ten sor. B oth (5.45 ) an d (5.46 ) a re w id ely u sed inij

stru ctu ral m o d ellin g.

5 .5 C o n stitu tiv e e q u a tio n s fo r lin e a r e la stic iso tr o p ic

m a te r ia ls

T h e b eh av io u r o f a p articu lar m ateria l is g overn ed b y it's con stitu tiv e eq u ation s. S u ch
eq u a tio n s relate p h y sical p rop erties su ch as stress, strain an d tem p era tu re w ith on e an -
oth er. In stru ctu ra l an a ly sis w e n eed a co n stitu tiv e eq u a tio n to relate stress an d strain .

T h e stru ctu ral b eh av io u r of real m aterials is v ery com p lex an d it w ou ld b e d i± cu lt to
form u la te eq u a tio n s ca p ab le o f d eterm in in g th e stress u n d er an y given circu m sta n ce.
W e con ten t o u rselves b y u sin g eq u a tion s th at d escrib e id ea l m aterials w h o se b eh av io u r
ap p rox im a te th at o f real m a terials.

M an y com m on en gin eerin g m ateria ls h av e th e p rop erty th at th ey u n d erg o sm allch a n ges
of sh ap e w h en su b jected to fo rces th a t th ey n o rm a lly en cou n ter. T h ey also h ave a n at-

u ral sh a p e to w h ich th ey retu rn after forces, th a t are n ot to o la rge, a re a p p lied an d th en
rem ov ed . S u ch m a terial are classed as lin ear ela stic. A n id eal lin ea r elastic m ateria l is
on e w h ose stress co m p on en ts m ay b e ex p ressed , u sin g E in stein su m m ation co n v en tion ,
as

¾ = C ² (5.47 )ij ij k l k l
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w h ere C a re com p o n en ts o f a fo u rth ord er ten sor k n ow n as th e ten so r of elasticijk l

co e± cien ts. E q u ation (5 .4 7) is th e con stitu tive eq u atio n for a lin ea r elastic m ateria l.

If th e m a terial is a lso isotrop ic, m ean in g it h as th e sam e p ro p erties in all d irectio n s,
th e ela stic co e± cien ts m ay b e ex p ressed in th e gen eral form

C = ¸ ± ± + ¹ ± ± + º ± ± (5.48 )ijk l ij k l ik jl il j k

w h ere ¸ , ¹ an d º are sca la rs. S u b stitu tin g (5 .4 8) in to (5 .4 7) g ives

¾ = ¸ ± ² + ¹ ² + º ² : (5.49 )ij ij k k ij ji

S in ce ² is sy m m etric n o gen erality is lo st b y w ritin g ¹ = º so th a t

¾ = ¸ ± ² + 2¹ ² : (5.50 )ij ij k k ij

E q u ation (5 .50 ) is th e co n stitu tiv e eq u atio n for an isotro p ic lin ear elastic m a terial. T h e

co e± cien ts ¸ a n d ¹ a re k n ow n as th e L am ¶e co e± cien ts an d are m aterial p ro p erties.
T h is eq u ation is an a ltern ative sta tem en t of H o oke's law [33, P ag e 8]:

¾ = E ² + º (¾ + ¾ ) (5.51 )1 1 1 1 2 2 3 3

¾ = E ² + º (¾ + ¾ ) (5.52 )2 2 2 2 1 1 3 3

¾ = E ² + º (¾ + ¾ ) (5.53 )3 3 3 3 1 1 2 2

¾ = 2G ² (5.54 )1 2 1 2

¾ = 2G ² (5.55 )1 3 1 3

¾ = 2G ² (5.56 )2 3 2 3

w h ere E is th e ela stic o r Y ou n gs m o d u lu s an d º is th e P oisso n ratio o f th e m ateria l.
S olv in g th e ¯ rst th ree eq u ation s for ¾ , ¾ a n d ¾ w e h av e1 1 2 2 3 3

0 1 0 1 0 1
¾ 1 ¡ º º º ²1 1 1 1EB C B C B C
¾ = º 1 ¡ º º ² (5.57 )@ A @ A @ A2 2 2 2

(1 + º )(1 ¡ 2º )
¾ º º 1 ¡ º ²3 3 3 3

so th at th e gen era l fo rm of H o oke's law is, in su b scrip t n ota tio n ,

º E 1
¾ = ± ² + ² : (5.58 )ij ij k k ij

(1 + º )(1 ¡ 2º ) 1 + º

C o m p a rin g w ith (5.50 ) w e see th at

º E
¸ = (5.59 )

(1 + º )(1 ¡ 2 º )

E
¹ = G = : (5.60 )

2 (1 + º )

H en ce, E an d º are related to th e L am ¶e co e± cien ts b y
23 ¸ + 2 ¹

E = (5.61 )
¸ + ¹

¸
º = : (5.62 )

2 (¸ + ¹ )
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5 .6 L a m ¶e e q u a tio n s fo r e q u ilib r iu m in a lin e a r e la s-

tic iso tr o p ic m a te r ia l

T h e L am ¶e E q u ilib riu m E q u ation s are d eriv ed b y su b stitu tin g (5.46) an d (5.50 ) in to
(5.37 ). U sin g E in stein su m m a tion con ven tion th ey a re

Ã ! Ã !
@ @ u @ @ uk i

(¸ + ¹ ) + ¹ + f = 0 (5.63 )i
@ x @ x @ x @ xi k j j

for all x 2 − . If ¸ a n d ¹ are co n stan t th en (5 .6 3) m ay b e w ritten in vecto r n otation as

2(¸ + ¹ )r r ¢ u + ¹ r u + f = 0 : (5.64 )

B ou n d a ry co n d ition s for (5 .6 3) a n d (5.64 ) are o f th e ty p e

u (x ) = 0 ; x 2 ¡ (5.65 )C

t(x ) = g (x ); x 2 ¡ (5.66 )T

w h ere ¡ [ ¡ = ¡ a n d ¡ \ ¡ = ; . S olu tio n s to th e L am ¶e eq u ation s are gen era llyC T C T

h ard to ¯ n d b u t w e m ay ap p ly th e eq u a tion s to so m e sim p le p rob lem s. In th e follow in g
ex a m p les a ll d isp lacem en ts are assu m ed to o ccu r in th e x x p la n e so th at u = 0.1 2 3

A n e x a m p le o f p u re sh e a r

C o n sid er a b o d y of h eig h t h th a t is rigid ly ¯ x ed at ea ch en d so th at a ll d isp lacem en ts
are zero a t x = 0 an d x = h . F or sim p licity w e assu m e th a t u = 0 an d th a t u is3 2 2 1

on ly a fu n ction of x . H en ce r ¢ u = 0 an d w e h av e, from (5 .6 3),2

2d u f1 1
+ = 0 (5.67 )2 ¹d x 2

for 0 < x < h w ith th e b o u n d ary co n d ition s2

u (0) = u (h ) = 0: (5.68 )2 2

If f is co n sta n t th en th is p rob lem h as th e solu tio n1

f 1
u (x ) = x (h ¡ x ) (5.69 )1 2 2 2

2¹

w h ich is a n ex am p le o f p u re sh ear. R em em b er th at ¹ = G is th e sh ear m o d u lu s. T h e
sh ear stress is g iv en b y Ã !

d u h1
¾ = ¹ = f ¡ x : (5.70 )1 2 1 2

d x 22
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A n e x a m p le o f p u re te n sio n

W e w ill assu m e th at th e ten sio n is d u e to th e con stan t b o d y force f a n d th a t th ere2

are n o a p p lied su rface forces. F o r sim p licity w e a ssu m e th at u = 0 a n d u is o n ly a1 2

fu n ctio n of x . T h en r (r ¢ u ) = 0 a n d w e h ave, from (5.63 ),2

2d u f2 2
+ = 0 (5.71 )

d x ¸ + 2¹2

for 0 < x < h w ith th e b o u n d ary co n d ition s2

u (0) = 0 (5.72 )2¯̄
d u 2 ¯̄

= 0: (5.73 )¯d x 2 x = h2

T h is h a s th e solu tion
f x (2h ¡ x )2 2 2

u (x ) = : (5.74 )2 2
2 (¸ + 2 ¹ )

T h e stress is given b y
d u 2

¾ = (¸ + 2¹ ) = f (h ¡ x ): (5.75 )2 2 2 2
d x 2

If f is p ositiv e th en th e stress is p ositive an d th e b o d y is in ten sio n . If it is n eg ative2

th en th e stress is n eg ative a n d th e b o d y is in com p ressio n . If th e ten sion h ad n o t
b een cau sed b y a b o d y fo rce b u t in stead b y a force ap p lied at x = h th en th e L am ¶e2

eq u a tio n s w o u ld red u ce to
2d u 2

= 0 (5.76 )2d x 2

so th at u is lin ea r an d th e stress is con stan t.2

5 .7 E n e r g y in str u c tu r a l sy ste m s

W h en fo rces act w ith in a sy stem an d ca u se co m p on en ts o f th e sy stem to ch an g e, th e
forces are sa id to h ave d o n e w o rk . W h en w ork is d o n e en ergy is ex ch an g ed b etw een
th e sy stem 's com p o n en ts. In a stru ctu ra l sy stem , b o d y (i.e. grav ita tio n al) forces act
th rou g h ou t th e stru ctu re an d tractio n forces act o n th e stru ctu re's su rfa ce. T h e resu lt
is th at th e stru ctu re d eform s; i.e. th e stra in com p on en ts are altered . S om e of th e
en erg y o f th is p ro cess is sto red in sid e th e stru ctu re a s strain en ergy. If th e forces

w ere rem oved th en th e strain en ergy w ou ld b e u sed to (at least p a rtly ) reverse th e
d eform ation . T h e sto red en ergy in a sy stem is k n ow n a s th e p oten tial en ergy. T h is
in clu d es b oth th e strain en ergy an d th e en ergy u sed to fu el th e fo rces. T h e w ork d on e
b y th e forces is eq u al to a lo ss in th e sy stem 's p oten tia l en ergy. In a stru ctu ral sy stem
th e fo rces a re u su a lly g rav itation a l a n d w o rk d o n e resu lts in a loss of grav ita tio n al
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p o ten tial en ergy. H en ce, in a stru ctu ra l sy stem , th e d efo rm a tion p ro cess resu lts in a
loss of p o ten tial en ergy eq u al to th e ga in in strain en ergy m in u s th e lo ss of grav ita tio n al

p o ten tial en erg y. F o r ela stic m aterials th e strain en ergy, U is g iv en b y [29 ]

Z
1

U = ¾ ² d x (5.77 )ij ij
2
x 2−

an d th e lo ss in p oten tia l en ergy, V , d u e to th e w ork d o n e b y th e su rface tractio n , g ,
an d b o d y force, F , is given b y

Z Z
TTV = g u d x + f u d x : (5.78 )

x 2¡ x 2−T

T h e ov era ll loss of p oten tial en ergy, P E , d u rin g th e d eform ation p ro cess is

P E = U ¡ V : (5.79 )

5 .8 F in ite e le m e n t so lu tio n s to th e lin e a r e la stic ity

e q u ilib r iu m e q u a tio n s

W e m ay ob ta in a ¯ n ite elem en t ap p rox im a tio n to th e L am ¶e eq u a tio n s b y ¯ rst ¯ n d in g

a w eak fo rm u latio n of (5.6 3) w ith th e b o u n d ary co n d ition s (5 .6 5) an d (5.66 ). T h is is
d eriv ed b y ¯ rst tak in g th e in n er p ro d u ct of (5.63 ) w ith a v ector fu n ctio n v (x ) 2 H

w h ere n o
1 3H = v : v 2 (H (− )) ;v j = 0 : (5.80 )¡ C

T h is g iv es u s Z Z
@ ¾ ij

v d x + v f d x = 0: (5.81 )i i i
@ x j

x 2− x 2−

U sin g th e G reen form u la

Z Z Z
@ Á @ Ã

Ã d x + Á d x = Á Ã n d x (5.82 )j
@ x @ xj j

x 2− x 2− x 2¡

an d th e fact th at, sin ce ¾ = ¾ ,ij ji

Ã ! Ã !
@ v 1 @ v @ v 1 @ v @ vi i i i j

¾ = ¾ + = ¾ + = ¾ ² ; (5.83 )ij ij ij ij ij
@ x 2 @ x @ x 2 @ x @ xj j j j i

eq u a tio n (5.81 ) m ay b e w ritten as
Z Z Z

¾ ² (v ) d x = f v d x + g v d x : (5.84 )ij ij i i i i

x 2− x 2− x 2¡ T
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T h is m ay b e w ritten in vector n o tation if w e let

T¾ = (¾ ;¾ ;¾ ;¾ ;¾ ;¾ ) (5.85 )1 1 2 2 3 3 1 2 2 3 3 1

T² = (² ;² ;² ;2 ² ;2² ;2² ) : (5.86 )1 1 2 2 3 3 1 2 2 3 3 1

H en ce eq u a tio n (5.84 ) m ay b e w ritten as
Z Z Z

TT T¾ (u )²(v ) d x = f v d x + g v d x : (5.87 )

x 2− x 2− x 2¡ T

T h e w eak p rob lem is to ¯ n d a u in H th at satis¯ es (5.8 7) for a ll v in H . R em em b er
th at u is in vo lv ed th rou g h ¾ u sin g (5.50). U sin g (5.8 5) an d (5.86) th e con stitu tive
eq u a tio n m ay b e w ritten as

¾ (u ) = D ²(u ) (5.88 )

w h ere D is th e m a terial m atrix . S u b stitu tin g (5.88) in to (5.8 7) g iv es u s
Z Z Z

TT T² (u )D ²(v ) d x = f v d x + g v d x (5.89 )

x 2− x 2− x 2¡ T

w h ich is in th e gen era l fo rm sta ted in (3 .2). H en ce th e ¯ n ite elem en t p rob lem is to ¯ n d
u in V su ch th ath

Z Z Z
T² (u )D ²(v ) d x = f v d x + g v d x (5.90 )h

x 2− x 2− x 2¡ T

for all v in V w h ere V is a ¯ n ite d im en sion a l su b set o f H . A n y v ecto r in V m ay b eh

w ritten as
v (x ) = N (x )U (5.91 )h

w h ere U is th e vecto r con tain in g th e d egrees o f freed om a n d N h as th e fo rm

N (x ) = [N ;N ;::;N ] (5.92 )1 2 n

w ith µ ¶
1 0

N (x ) = N (x ) (5.93 )k k 0 1

w h ere n is th e n u m b er of n o d es a n d th e N 's are th e b asis fu n ction s of V .k

T o illu strate th e ¯ n ite elem en t m eth o d a p p lied to p rob lem s o f lin ear ela sticity w e

w ill con sid er a tw o d im en sion al im p lem en ta tion u sin g lin ear trian g u lar elem en ts. W e
assu m e th a t th e stress com p on en ts ¾ , ¾ a n d ¾ a re zero so th a t th e n on -zero stress3 3 1 3 2 3

com p o n en ts are given b y

¾ = E ² + º ¾ (5.94 )1 1 1 1 2 2

¾ = E ² + º ¾ (5.95 )2 2 2 2 1 1

¾ = 2G ² : (5.96 )3 3 2 3
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S olv in g for ¾ an d ¾ w e h ave1 1 2 2

0 1 0 1 0 1
¾ 1 º 0 ²1 1 1 1EB C B C B C

¾ := ¾ = º 1 0 ² = : D ² (5.97 )@ A @ A @ A2 2 2 221 ¡ º 1 ¡ º¾ 0 0 2²1 2 1 22

w h ere w e h av e red e¯ n ed th e vecto rs ¾ an d ² an d th e m ateria l m atrix D for th e sp ecial
case o f p la n e stress. F or th e rest o f th is ch ap ter th e glob a l co ord in ate va ria b les w ill b e
d en oted b y x a n d y an d , w ith in th e stan d a rd trian gu lar elem en t, th e lo ca l co ord in ate
variab les w ill b e d en oted b y » an d ´ . S u b scrip ts w ill d en ote n o d e n u m b ers. W e w ill

u se a trian gu lar m esh w ith lin ear b a sis fu n ctio n s. In lo ca l co ord in ates, for th e i'th
elem en t, th ese are given b y

N = 1 ¡ » ¡ ´ (5.98 )1

N = » (5.99 )2

N = ´ : (5.100 )3

W ith th e n o d es n u m b ered lo cally 1:::3 th e m ap p in g fro m lo cal to g lo b al co o rd in a tes
is given b y

x = (1 ¡ » ¡ ´ )x + » x + ´ x (5.101 )1 2 3

y = (1 ¡ » ¡ ´ )y + » y + ´ y (5.102 )1 2 3

so th at th e J acob ian d eterm in an t, J , is given b yi

J = (x ¡ x )(y ¡ y ) ¡ (x ¡ x )(y ¡ y ): (5.103 )i 2 1 3 1 3 1 2 1

A fter m ak in g th e ch an g e of va riab les w e evalu ate th e lo cal stra in m a trix to b e
0 1

y ¡ y 0 y ¡ y 0 y ¡ y 02 3 3 1 1 21 B C
B = 0 x ¡ x 0 x ¡ x 0 x ¡ x : (5.104 )@ Ai 3 2 1 3 2 1

J i x ¡ x y ¡ y x ¡ x y ¡ y x ¡ x y ¡ y3 2 2 3 1 3 3 1 2 1 1 2

W e a re n ow ab le to eva lu ate th e lo ca l elem en t sti® n ess m atrix an d force v ectors. F o r

sim p licity let u s a ssu m e th a t th e m a terial m atrix D a n d th e b o d y fo rce vecto r f are
con sta n t ov er each trian g u la r elem en t. F or th e lo cal sti® n ess m a trix an d force vecto r
w e h ave

1¡ ´1Z Z
J iT TK = B D B J d » d ´ = B D B (5.105 )i i i ii i2

0 0 0 1
1¡ ´1 fZ Z

J i B CTF = N f J d »d ´ = f : (5.106 )@ Ai ii 6
f0 0

O n th e b ou n d a ry th e b asis fu n ction s red u ce to

N = 1 ¡ » (5.107 )j

N = »: (5.108 )k
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H en ce th e lo cal traction vecto r (w ith n o d es n u m b ered 1 a n d 2) is evalu ated , assu m in g
g is con stan t over th e b ou n d a ry elem en t, to b e

0 1
1 ¡ » 0

1 µ ¶Z B C jx ¡ x j0 1 ¡ » g2 1B C
G = B C g jx ¡ x jd » = : (5.109 )i 2 1@ A» 0 g2

0
0 »

A ll th at rem a in s is to ap p ly th e b o u n d ary con d itio n s o n ¡ . F o r th e 2D ¯ n ite elem en tC

so lu tion th is is stated a s µ ¶ µ ¶
U 02 i¡ 1 = (5.110 )
U 02 i

for a ll p oin ts (x ;y ) th at lie o n ¡ . T h is is ap p lied b y settin gi i C

K = 1 (5.111 )2 i¡ 1 ;2 i¡1

K = 1 (5.112 )2 i;2 i

K = 0; p 2 f 1::2n g ¡ f 2 i ¡ 1 g (5.113 )2 i¡ 1 ;p

K = 0; p 2 f 1::2n g ¡ f 2 ig (5.114 )2 i;p

F = 0 (5.115 )2 i¡1

F = 0 (5.116 )2 i

for all (x ;y ) in ¡ . In ord er to p reserve th e sy m m etry of K it is also n ecessary to seti i C

K = 0 ; p 2 f 1 :::2 n g ¡ f 2 i ¡ 1 g (5.117 )p ;i¡ 1

K = 0 ; p 2 f 1 :::2 n g ¡ f 2 ig : (5.118 )p ;i

5 .9 N u m e r ic a l e x a m p le

P resen ted h ere is a n u m erica l ex a m p le to illu stra te th e p erfo rm a n ce of th e ¯ n ite elem en t

m eth o d in solv in g th e L am ¶e eq u atio n s.

C o n sid er a rectan g u lar b o d y of w id th a an d h eigh t b = 1 w ith a ¸ b (S ee F ig u re 5.1).
T h e b o d y h a s a n ela stic m o d u lu s of E = 10 00 an d is ¯ x ed a t x = 0 an d x = a . A b o d y
force v ecto r o f (0;¡ 1) is a p p lied u n ifo rm ly. T h e ¯ n ite elem en t solu tion w as o b tain ed
u sin g u n ifo rm trian g u la r m esh of va ry in g d en sities for va lu es o f a ra n gin g fro m a = 1 to
a = 6 4 (S ee F igu re 5.2). A s an error in d ica tor th e L n orm of th e d i® eren ce b etw een th e2

recov ered stress vector a n d ¯ n ite elem en t stress vecto r w as calcu lated . T h e recovered
stress vecto r w as ob tain ed u sin g th e w eigh ted averag in g tech n iq u e. T h e resu lts are

ap resen ted in T ab les 5.1 - 5 .7 . F or each m esh th e cen tral v ertica l d isp la cem en t, u ( ),h 2

is sh ow n alon g w ith th e p ercen tag e d i® eren ce from th a t o b tain ed w ith th e p rev iou s
m esh . T h e variab les n x an d n y are th e n u m b er of elem en ts alon g th e x an d y ax es,

resp ectiv ely, so th a t th e n u m b er o f tria n gu lar elem en ts, n e is giv en b y 2 £ n x £ n y .

T h e erro r in d ica tor ap p ea rs to sh ow th e ex p ected O (h ) b eh av io u r for n x > 6 4. C on -
avergen ce of th e u ( ) va lu e is fairly slow , req u irin g m o re th an 4 00 0 elem en ts to o b tainh 2
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th e ¯ rst sign ī ca n t ¯ gu re in th e a = 64 ca se. T h is p a rticu la r ex a m p le m ay b e b etter
so lv ed u sin g th e b ea m th eo ry d escrib ed in C h ap ter 7.

F ig u re 5.1 : R ectan g u la r b o d y (b ea m ) an aly sed in n u m erica l ex am p le.
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n x = 8 , n y = 2, n e = 3 2

n x = 16 , n y = 4, n e = 1 28

n x = 32 , n y = 8, n e = 5 12

n x = 6 4, n y = 1 6, n e = 2 048

F igu re 5.2: M esh u sed for th e case a = 4 sh ow in g d isp lacem en ts scaled b y 20
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T ab le 5.1: a = 1

n x n y n e u (0:5) % ch a n ge k ¾ ¡ ¾ kh R h L 2

2 2 8 -3 .1 25 00E -4 0 .1 412 99 0

4 4 32 -3 .3 60 81E -4 7.54 592 0 .1 092 53 0

8 8 1 28 -3 .5 41 22E -4 5.36 805 0 .0 846 69 2

16 1 6 5 12 -3 .6 46 04E -4 2.96 000 0 .0 572 91 6

32 3 2 20 48 -3 .6 88 90E -4 1.17 552 0 .0 344 72 1

T ab le 5.2: a = 2

n x n y n e u (1) % ch a n ge k ¾ ¡ ¾ k2 R h L 2

4 2 16 -1 .4 76 04E -3 0 .4 032 21 0

8 4 64 -1 .6 94 20E -3 14.78 010 0 .3 735 50 0

16 8 2 56 -1 .8 39 88E -3 8.59 875 0 .2 656 75 0

32 1 6 10 24 -1 .8 99 98E -3 3.26 652 0 .1 611 32 0

64 3 2 40 96 -1 .9 19 65E -3 1.03 527 0 .0 916 54 4

T ab le 5.3: a = 4

n x n y n e u (2) % ch an ge k ¾ ¡ ¾ k2 R h L 2

8 2 3 2 -0.91 703 9E -2 1 .9 81 260

1 6 4 12 8 -1.18 078 0E -2 28 .7 601 00 1 .6 68 130

3 2 8 51 2 -1.31 692 0E -2 11 .5 297 00 1 .0 42 520

6 4 16 2 04 8 -1.36 287 0E -2 3 .4 892 00 0 .5 78 713

12 8 32 8 19 2 -1.37 623 0E -2 0 .9 802 84 0 .3 11 657
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T ab le 5.4: a = 8

n x n y n e u (4) % ch a n ge k¾ ¡ ¾ k2 R h L 2

16 2 6 4 -0 .8 842 18E -1 11.19 02 0

32 4 25 6 -1 .2 622 50E -1 42 .7 47 600 8.72 09 9

64 8 102 4 -1 .4 374 80E -1 13 .8 82 400 5.12 05 9

128 16 409 6 -1 .4 920 30E -1 3 .7 94 840 2.71 44 8

256 32 1 638 4 -1 .5 069 40E -1 0 .9 99 310 1.40 65 4

T ab le 5.5: a = 1 6

n x n y n e u (8 ) % ch an g e k ¾ ¡ ¾ k2 R h L 2

32 2 1 28 -1.182 10 6 4.1 89 00

64 4 5 12 -1.769 00 49 .6 489 0 4 8.4 85 30

1 28 8 20 48 -2.031 13 14 .8 180 0 2 7.8 49 90

2 56 16 81 92 -2.110 73 3 .9 190 0 1 4.5 15 40

5 12 32 327 68 -2.131 97 1 .0 062 9 7.3 92 22

T ab le 5.6: a = 3 2

n x n y n e u (16) % ch a n ge k ¾ ¡ ¾ k2 R h L 2

64 2 256 -1.79 966 E + 1 36 6.911 0

1 28 4 1 024 -2.73 195 E + 1 51 .80 37 0 27 3.845 0

2 56 8 4 096 -3.14 387 E + 1 15 .07 68 0 15 6.047 0

5 12 1 6 16 384 -3.26 785 E + 1 2 .98 93 1 8 0.820 8

T ab le 5.7: a = 6 4

n x n y n e u (32) % ch a n ge k ¾ ¡ ¾ k2 R h L 2

64 2 256 -2.84 404 E + 2 20 88.18 0

1 28 4 1 024 -4.33 372 E + 2 52 .37 90 0 15 50.85 0

2 56 8 4 096 -4.98 952 E + 2 15 .13 25 0 8 80.85 1

5 12 1 6 16 384 -5.18 624 E + 2 3 .94 26 6 4 55.01 1
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C h a p te r 6

T h e r m a l M o d e llin g

6 .1 In tr o d u c tio n

T h e im p orta n t co n seq u en ce o f ¯ re ex p osu re to th e b u ild in g fram e is th e in crea se in

tem p era tu re. A s a resu lt, th e b ea m s in th e fram e ex p an d ca u sin g a d d ition a l lo ad in g if
th e ex p an sion is resisted . A d d itio n ally, th e b ea m s w eaken cau sin g fu rth er d eform ation .
T h is ch a p ter in tro d u ces th e co n cep t of th erm a l stra in a n d sh ow s th at, in a b ea m , th is
cau ses b oth a th erm al force a n d th erm a l m om en ts. T h e m ain p art of th is ch ap ter
d eriv es a ¯ n ite elem en t m eth o d for calcu la tin g th e tem p eratu re in th e cro ss-sectio n of a

¯ re-ex p osed b eam tak in g in to acco u n t th e ex ch a n ge o f ra d ia tion b etw een in tern al cav ity
w alls. T h is m eth o d , accom p an ied b y th e m esh gen eratio n a lg orith m in C h a p ter 4,
com p letes th e th eo retica l b a ck gro u n d for a com p u ter p rogra m to solve th e th erm al
p art of th e ¯ re-ex p osed fram e p rob lem .

6 .2 T h e r m a l e x p a n sio n

M ost b u ild in g m a terials ex p erien ce so m e ch an ge in sh ap e w h en th eir tem p era tu re is
raised . T h is p h en om en o n is g en erally k n ow n as th erm al ex p an sio n sin ce a rise in
tem p era tu re u su ally cau ses a p ositive th erm al strain . If th e m aterial is isotro p ic th en
th e e® ect is u n iform in a ll d irection s an d so th ere a re n o th erm a l sh ear strain s. H en ce

th erm a l stra in is h y d rostatic for iso trop ic m aterials. T h e com m on b u ild in g m a terials,
steel a n d con crete, a re a ssu m ed to b e th erm a lly isotrop ic.

W h en w e con sid er th e co n stitu tive eq u atio n of a m aterial w e relate th e stress com p o-
n en ts, ¾ , to th e strain s, ² . F or an ela stic m a terial ex p erien cin g n o th erm al strain w eij ij

h ave, in term s of L am ¶e co e± cien ts,

¾ = ¸ ± (² + ² + ² ) + 2 ¹ ² : (6 .1 )ij ij 1 1 2 2 3 3 ij

If th e m a terial's tem p era tu re is raised th en it ex p erien ces a th erm a l strain , ² , in eachth

d irectio n . T h is alters th e eq u ilib riu m sta te of th e m ateria l so th at th e ela stic strain
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com p o n en ts, to w h ich th e con stitu tiv e eq u a tio n a p p lies, are fo u n d b y su b tra ctin g th e
th erm a l strain from th e to ta l strain . H en ce th e th erm o ela stic co n stitu tive eq u ation is

¾ = ¸ (² + ² + ² ) + 2 ¹ ² ¡ (3¸ + 2¹ )± ² : (6 .2 )ij 1 1 2 2 3 3 ij ij th

In th e vector fo rm u sed in C h ap ter 5 w e h ave

¾ (u ) = D ²(u ) ¡ ¾ (6 .3 )th

w h ere ¾ , k n ow n a s th e th erm al lo ad v ecto r, isth
0 1 0 1

1 1
B C B C1 1B C B CB C B CB C B CE ²1 1thB C B C¾ = (3¸ + 2¹ )² = : (6 .4 )th th B C B C0 01 ¡ 2 ºB C B CB C B C
@ A @ A0 0

0 0

F rom C h a p ter 5 w e h av e th at
Z Z Z

TT T¾ (u ) ²(v ) d x = f v d x + g v d x : (6 .5 )

x 2− x 2− x 2¡ 1

S u b stitu tin g fo r ¾ w e h ave
Z Z Z Z

TT T T² (u ) D ²(v ) d x = f v d x + g v d x + ¾ ²(v ) d x : (6 .6 )th

x 2− x 2− x 2¡ x 2−1

H en ce th e w ea k form of th e th erm o elastic eq u ilib riu m eq u a tio n s is

a (u ;v ) = (f ;v ) + [g ;v ]+ (²(v );¾ ): (6 .7 )th

In th e 2D ¯ n ite elem en t solu tio n p ro ced u re th e lo ca l th erm al load vector is g iv en b y

1¡´1Z Z
TQ = B ¾ J d » d ´ (6 .8 )th ii i

0 0

w h ere 0 1
1

E ²th B C
¾ = 1 : (6 .9 )@ Ath

1 ¡ 2º
0

If ¾ is a n elem en t con sta n t th enth

J i TQ = B ¾ : (6.10 )thi i2

T h e ¯ n ite elem en t so lu tion is th en fou n d b y solv in g th e sy stem

K U = F + G + Q (6.11 )

w h ere Q is th e glob al th erm al lo ad vecto r fou n d b y su m m in g th e co n trib u tion s from
Q fo r each elem en t.i
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6 .3 H e a t c o n d u c tio n

F ou rier's law fo r th e con d u ction o f h eat in a solid , iso trop ic m a terial is

q = ¡ k (r T ) (6.12 )

w h ere q is th e h eat ° u x vector (° ow o f h ea t en ergy p er u n it tim e), k is th e th erm al
con d u ctiv ity a n d T is th e tem p era tu re. T h e h eat en ergy, Q , w ith in a b o d y, − , b alan ces
th e ° ow of h eat th rou gh w ith su rface, ¡ , so th at

Z Z
@ Q

d x + q ¢ n d x = 0 (6.13 )
@ t

x 2− x 2¡

w h ere n is th e ou tw ard -p oin tin g u n it vector n orm al to th e su rfa ce. A p p lication of th e
d ivergen ce th eo rem an d su b stitu tion o f (6.3) lead s to

@ Q
= r ¢ (k r T ) : (6.14 )

@ t

W e assu m e th a t th e h ea t en erg y u sed for th erm al ex p a n sion is n eglig ib le co m p ared
w ith th a t u sed to raise th e tem p era tu re so th at

@ Q d Q @ T
= : (6.15 )

@ t d T @ t

F rom p h y sics[7] w e h ave th a t
d Q

= ½ c (6.16 )
d T

w h ere ½ is th e m aterial m ass d en sity an d c is th e sp ecī c h eat ca p acity. H en ce w e h ave
th e h eat con d u ction eq u a tion

@ Tr ¢ (k r T ) = ½ c : (6.17 )
@ t

A m o re rig orou s d eriva tio n of (6 .1 7) is fo u n d in W h itak er [3 7, C h ap ter 4 ].

T o ju stify th e assu m p tio n th at th e th erm a l strain en erg y m ay b e n eglected con sid er th is
eq u a tio n p resen ted b y J o h n s [17 ] fo r h eat co n d u ction w ith lin ear th erm al ex p a n sion :

@ T E ® T @0r ¢ (k r T ) = (½ c) + (² + ² + ² ) (6.18 )0 1 1 2 2 3 3
@ t 1 ¡ 2º @ t

w h ere (½ c) is ½ c evalu ated w h en th ere is n o th erm a l strain an d T is th e in itial u n iform0 0

tem p era tu re. F o r b ea m s, ² = ² = ¡ º ² w ith ² = E ® (T ¡ T ) so w e h ave2 2 3 3 1 1 1 1 0

³ ´@ T2 2r ¢ (k r T ) = (½ c) + E ® T : (6.19 )0
@ t
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F igu re 6.1: C on vex cav ity

6In a ty p ical p ractical ap p lica tio n th e q u a n tity ½ c w ill b e o f th e ord er of 10 w h ereas
2 2 ¡ 1E ® T w ill b e of th e ord er of 10 . H en ce th e in itia l assu m p tion is ju stī ed . C on -

seq u en tly th e tem p era tu re d istrib u tion is in d ep en d en t of th e strain . T h e solu tio n o f
th e h eat con d u ction eq u ation req u ires th e sp ecī ca tio n of b ou n d ary co n d ition s. F o r

p ractica l p ro b lem s th ese a re ex p ression s fo r th e h eat ° u x , q (x ;t), n orm al to th e su rface
of th e b eam . A n ex p ression of th e fo rm

4 4q ¢ n = h (T ¡ T ) + ²¾ (T ¡ T ) (6.20 )c g g

is u sed to m o d el ex p osu re to a p ost-° a sh ov er ¯ re [3 2]. In (6.20) h is th e con vectio nc

co e± cien t, ² is th e resu ltan t em issiv ity, ¾ is th e S tefa n -B o lzm an con stan t (5:67 £
¡8 ¡ 2 ¡410 W m K ) an d T is th e tem p eratu re of th e h ot g as in K elv in . T y p ica l va lu es fo rg

¡ 2 ¡1h an d ², u sed to m o d el fu rn ace tests, are 2 5W m K a n d 0:3 resp ectively.c

T re a tm e n t o f c a v itie s

S om e b eam d esign s in clu d e cav ity region s w h ich req u ire sp ecial co n sid era tio n in th e
so lid th erm a l m o d el. F o r sim p licity w e w ill ign o re th e e® ects of con d u ction a n d con -
vectio n an d assu m e th a t th e o n ly h eat ex ch an g e is th at o f ra d ia tio n b etw een th e cav ity
w alls. In fa ct, W ick stro m [38 ] on ly u ses a con v ectio n m o d el to estim ate th e av era ge

ga s tem p eratu re in sid e th e cav ity. W h ita ker [37 , P ag es 44 5{ 450 ] sh ow s th at, for a 2D
con vex p oly gon al g ray b o d y en clo su re w h ere th e tem p era tu re is u n iform on each w a ll
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F ig u re 6.2: C alcu lation of con ¯ g u ration fa cto r b etw een cav ity w alls

(see F ig u re 6.1 ), th e h ea t ° u x th ro u gh th e j'th w a ll is given b y

Ã ! Ã !µ ¶NX² ²j kt ¡ 1 4q ¢n = ¾ T + M ¾ T (6.21 )j kjk1 ¡ ² 1 ¡ ²j kk = 1

w h ere ² is th e em issiv ity of th e j'th w all, T is th e tem p era tu re o f th e j'th w all an dj j
¡ 1M is th e jk 'th elem en t of th e in verse of th e m a trix M given b yjk

¡1M = F ¡ ± (1 ¡ ² ) (6.22 )jk jk jk k

w h ere F is th e con ¯ gu ration factor g iv en b yj k

L + L ¡ L ¡ La d bc a c bd
F = : (6.23 )jk

2 L a b

T h e q u an tity L is th e d ista n ce b etw een p o in ts a an d b as illu strated in F igu re 6.2.a b

A lth o u gh th e assu m p tion o f u n iform w all tem p eratu re is restrictive w e can a p p rox im ate
th e n on -u n iform case b y p a rtition in g th e w a ll. T h is is n atu rally a ch iev ed in th e ¯ n ite

elem en t m eth o d .
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6 .4 G a le r k in ¯ n ite e le m e n t m e th o d fo r so lv in g th e

h e a t c o n d u c tio n e q u a tio n

W e tak e th e in n er p ro d u ct o f ea ch sid e o f (6.17 ) w ith a fu n ction v 2 H to give u s

Z Z
@ T

v r ¢ (k r T ) d x = v ½ c d x : (6.24 )
@ t

x 2− x 2−

U sin g th e d ivergen ce th eo rem th e left h an d sid e m ay b e in teg rated to give

Z Z Z
v r ¢ (k r T ) d x = v k r T ¢ n ) d x ¡ k r v r T d x (6.25 )

x 2− x 2¡ x 2−Z Z
= ¡ v q ¢n d x ¡ k r v r T d x : (6.26 )

x 2¡ x 2−

H en ce (6.24 ) m ay b e w ritten as

Z Z Z
@ T

k r v r T d x + v ½ c d x + v q ¢n d x = 0: (6.27 )
@ t

x 2− x 2− x 2¡

L et V b e a ¯ n ite d im en sion a l su b sp ace of H . T h is is a sp ace o f p iecew ise p o ly n om ials
w ith n o d es a t x , i = 1 :::n . F or th e ¯ n ite elem en t m eth o d w e ch o ose v 2 V an di

ap p rox im a te T w ith T 2 V . T h e a p p rox im ation T m ay b e w ritten a sh h

T (x ;t) = N (x )T (t) (6.28 )h

w h ere N = (N ;N ;:::;N ) is a vector o f b asis fu n ction s a n d T is th e vecto r con tain in g1 2 n

th e tim e-d ep en d en t d eg rees of freed om . W e ch o ose v to b e each o f th e co m p on en ts o f

N in tu rn so th a t, after su b stitu tin g (6 .2 8) in (6 .27 ), w e h ave

0 1 0 1
Z Z Zd TT T T@ A @ Ak B B d x T (t) + ½ cN N d x + N q ¢ n d x = 0 (6.29 )

d t
x 2− x 2− x 2¡

w h ere, in 2 D , 0 1
@ N @ N @ N1 2 n¢¢¢B C@ x @ x @ x1 1 1B CB = : (6.30 )@ A
@ N @ N @ N1 2 n¢¢¢
@ x @ x @ x2 2 2

W e d e¯ n e th e con d u ctiv ity m atrix , K , a sk

Z
TK = k B B d x (6.31 )k

x 2−
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an d th e ca p acitan ce m a trix , C , as

Z
TC = ½ cN N d x : (6.32 )

x 2−

H en ce (6.29 ) is w ritten as

Zd T TK T + C + N q ¢ n d x = 0: (6.33 )
d t

x 2¡

T h e b ou n d a ry, ¡ , co m p rises th e ex tern al su rfa ce, ¡ , an d th e cav ity w alls, ¡ . H en cee x c

th e b o u n d ary in teg ral m ay b e w ritten as

Z Z Z
T T TN q ¢ n d x = N q ¢ n d x + N q ¢ n d x : (6.34 )

x 2¡ x 2¡ x 2¡ex c

U sin g (6.20 ) th e in tegra l ov er ¡ b ecom ese x

Z Z ³ ´
T T 4 4N q ¢ n d x = N h (T ¡ T ) + ²¾ (T ¡ T ) d x (6.35 )c g g

x 2¡ x 2¡ex exZ
T= N h (T ¡ T ) d x (6.36 )t g

x 2¡ ex

w h ere
2 2h = h + ²¾ (T + T )(T + T ) (6.37 )t c g g

w ill b e referred to as th e tota l h ea t tran sfer co e± cien t. R ep lacin g T w ith th e ap p rox i-
m ation T w e h av e, in term s of th e d eg ree o f freed o m v ecto r T ,h

0 1
Z Z Z

B CT T TN q ¢ n d x = h N N d x T ¡ N T d x : (6.38 )@ At g

x 2¡ x 2¡ x 2¡ex ex ex

L et u s d e¯ n e th e ex tern al h eat tran sfer m a trix , K an d th e ex tern a l h ea t load vector,ex

F , to b ee x

Z
TK = h N N d x (6.39 )e x t

x 2¡ exZ
TF = N T d x : (6.40 )e x g

x 2¡ ex

T h e in teg ral over ¡ m ay b e w ritten as su m of th e in tegrals ov er ea ch cav ity, i.e.c

Z Zn cX
T TN q ¢ n d x = N q ¢ n d x (6.41 )

i= 1x 2¡ x 2¡c c;i
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w h ere n c is th e n u m b er o f cav ities. T h e in teg ral over each ¡ m ay b e w ritten a s th ec;i

su m o f th e in tegrals over ea ch w a ll, i.e.

Z n w (i) ZX
T T

N q ¢n d x = N q ¢ n d x (6.42 )
j= 1x 2¡ x 2¡c;i c;i;j

w h ere n w (i) is th e n u m b er of w a lls of th e i'th cav ity. U sin g (6.21) th e in teg ral over
each ¡ m ay b e w ritten a sc;i;j

8 9Ã ! µ ¶Z Z n w (i)< =X² ²ij ikT T 4 ¡ 1 4N q ¢ n d x = N ¾ T + M ¾ T d xij ijk ik: ;1 ¡ ² 1 ¡ ²ij ikk = 1x 2¡ x 2¡c;i;j c;i;j

(6.43 )

w h ere ² is th e em issiv ity of th e j'th w a ll of th e i'th cav ity, T is th e tem p era tu re o fij ij

th e j'th w a ll of th e i'th cav ity an d M = [M ] is th e i'th co e± cien t m atrix as d e¯ n edi ijk

in (6.22 ). F or th e p u rp oses of th e ¯ n ite elem en t m eth o d w e w rite th e ab ove as

Z Z Z
T T TN q ¢ n d x = N ° T d x ¡ N q d x (6.44 )ij ij ij

x 2¡ x 2¡ x 2¡c;i;j c;i;j c;i;j

w h ere
Ã !

²ij 3° = ¾ T ; (6.45 )ij ij1 ¡ ²ij
µ ¶n w (i)X ²ik¡ 1 4q = M ¾ T : (6.46 )ij ijk ik1 ¡ ²ikk = 1

N ow w e m ake th e ¯ n ite elem en t ap p rox im atio n

T (t) = N (x )T (t) (6.47 )ij

w h ich giv es u s
0 1

Z Z Z
B CT T TN q ¢n d x = ° N N d x T ¡ N q d x : (6.48 )@ Aij ij

x 2¡ x 2¡ x 2¡c;i;j c;i;j c;i;j

L et u s d e¯ n e th e cav ity h ea t tran sfer m atrix , K , an d th e cav ity h eat load vecto r, F ,c c

as

n w (i) Zn cX X
TK = ° N N d x ; (6.49 )c ij

i= 1 j= 1 x 2¡ c;i;j

n w (i) Zn cX X
TF = N q d x : (6.50 )c ij

i= 1 j= 1 x 2¡ c;i;j
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T h e ¯ n ite elem en t h eat eq u ation m ay n ow b e w ritten as

d T
K T + C = F (6.51 )

d t

w h ere

K = K + K + K (6.52 )k e x c

F = F + F : (6.53 )ex c

W e n ow h ave a sy stem of ord in a ry d i® eren tial eq u a tio n s in th e d egrees of freed o m o f
th e ¯ n ite elem en t so lu tion w h ich a re n on lin ear b ecau se K a n d C d ep en d on T . T h is
m ay b e solved u sin g an y tim e in tegration sch em e. Z ien k iew icz [39 , P a ge 57 0{ 575 ] u ses
a w eigh ted resid u a l a p p roa ch to d erive, for con stan t K an d C , th e g en eral recu rren ce
sch em e

Ã ! Ã !
C C

+ K µ T = ¡ K (1 ¡ µ ) T + F + F (1 ¡ µ ) (6.54 )i i¡1 i i¡1
¢ t ¢ t

w h ere ¢ t is th e tim e step len gth a n d µ is a p a ra m eter b etw een 0 an d 1 w h ich d eterm in es
th e sp ecī c recu rren ce sch em e. T o ap p ly th is to ¯ re p rob lem s w e n eed to a p p rox im ate
th e tem p eratu re d ep en d en t K an d C w ith th eir averag es ov er th e tim e step . H en ce

th e recu rren ce sch em e b eco m es
Ã ! Ã !

¹ ¹C C¹ ¹+ K µ T = ¡ K (1 ¡ µ ) T + F + F (1 ¡ µ ) (6.55 )i i¡1 i i¡1
¢ t ¢ t

w h ere

C (T ) + C (T )i i¡1¹C = (6.56 )
2

K (T ) + K (T )i i¡1¹K = : (6.57 )
2

A ltern atively w e cou ld u se

¹ ¹C = C (T ) (6.58 )
¹ ¹K = K (T ) (6.59 )

w h ere
T + Ti i¡ 1¹T = (6.60 )

2

w h ich req u ires less co m p u tation al e® ort. In eith er case w e h ave a n on lin ea r sy stem
w h ich m u st b e solved itera tiv ely. W e sh all u se µ = 1 w h ich corresp on d s to an E u ler
b ack w a rd s d i® eren ce sch em e. H en ce, in (6.51), w e m ake th e su b stitu tio n

d T T ¡ Ti i¡ 1
= (6.61 )

d t ¢ t

79



¹ ¹an d ap p rox im a te C , K an d F w ith C , K a n d F , resp ectiv ely. F in a lly, w e h av ei

Ã !
¹ ¹C C¹+ K T = T + F (6.62 )i i¡ 1 i
¢ t ¢ t

or, rearran gin g in term s of ¢ T = T ¡ T ,i i¡1

Ã !
¹C ¹ ¹+ K ¢ T = F ¡ K T : (6.63 )i i¡1
¢ t

6 .5 M e sh g e n e r a tio n

W e sh all u se th e m esh gen era tio n p ro ced u re d escrib ed in C h ap ter 4 b ased on a m ea su re
of th e erro r calcu lated a fter th e ¯ rst tim e step . W e m ay easily im p lem en t th e B a n k -
W eiser error estim ator b y ¯ rst d iscretizin g th e tim e d im en sion o f (6.17 ) to g iv e u s th e
eq u a tio n to solve in th e sp a ce d om ain as

½ c ½ c¡ r (k ¢ r T ) + T = T (6.64 )0
¢ t ¢ t

w h ere T is th e tem p era tu re in th e p rev io u s tim e step (in th is case th e in itia l tem -0

p eratu re). T h is is th e form o f th e eq u ation for w h ich th e B an k -W eiser estim ato r w as
½ cim p lem en ted in C h ap ter 3 w ith a = k an d b = . R em em b er, th o u gh , th at th e erro r
¢ t

estim ato r b eh av ed p o orly for b > > a so th a t w e m u st n ot h ave

½ c
> > k : (6.65 )

¢ t

5In p ra ctice ½ c is a b ou t 10 tim es g rea ter th an k a n d so th e B an k -W eiser estim ato r
can n o t b e ex p ected to p erform w ell. H en ce th e error m easu re w e sh a ll u se is

k q ¡ q k (6.66 )h L 2

in w h ich w e a p p rox im ate q w ith th e recovered ° u x q given b yR

q = N Q (6.67 )R

w h ere th e com p on en ts o f Q a re given in (3.92 ).

6 .5 .1 T e st p ro b le m

T o d em on strate th e error estim a tor w e sh all ap p ly it to a test p rob lem in w h ich th e
so lu tion is

2 2T (x ;y ;t) = 2 0 + 1 00 sin (¸ x ) sin (¸ y ) ex p (¡ 2 ® ¸ t) (6.68 )
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w h ere T is th e tem p era tu re in d egrees C elsiu s, x an d y are b etw een 0 a n d l = 0:1,
¼ k 1 02¸ = an d ® = = . T h e in itial tem p era tu re d istrib u tion is th en
l ½ c 1 0 0 0 0 0 0

T (x ;y ;0 ) = 2 0 + 10 0 sin (¸ x ) sin (¸ y ) (6.69 )

(illu strated in F igu re 6.1) a n d th e b ou n d a ry co n d itio n s are

T (0 ;y ;t) = T (l;y ;t) = 20 (6.70 )

T (x ;0 ;t) = T (x ;l;t) = 20 : (6.71 )

T h e ¯ n ite elem en t so lu tion h as b een ca lcu lated fo r a d u ra tio n o f 1 m in u te u sin g 1 , 10
an d 10 0 tim e step s. T h e in itial m esh w as re¯ n ed fou r tim es w ith zero tolera n ce so th a t
th e re¯ n em en t w a s u n ifo rm . T h e u n iform ly re¯ n ed m esh es a re sh ow n in F igu re 6.2.
T a b le 6.1 sh ow s th e n orm s of th e tru e ° u x erro r an d th at estim a ted a fter th e ¯ rst

tim e step . F ig u re 6 .3 sh ow s a d ap ted m esh es o b tain ed u sin g n on -zero to leran ce valu es
for th e 10 tim estep case. T h e resu lts illu strate th e e® ectiven ess of th e recovered ° u x
estim ato r for th e ¯ n ite elem en t so lu tion to h eat con d u ction p ro b lem s u sin g irreg u la r
m esh es. H ow ev er, n o con clu sio n s can b e m a d e reg ard in g con sisten cy or asy m p totic
ex a ctn ess.
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F igu re 6 .1 : In itial tem p era tu re d istrib u tion in test p rob lem

In itia l M esh F irst re¯ n em en t S econ d re¯ n em en t

T h ird re¯ n em en t F o u rth re¯ n em en t

F ig u re 6.2: M esh u sed to a n aly se th e recovered ° u x error estim a tor.
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T ab le 6.1: C om p arison of tru e ° u x errors an d recovered ° u x error estim ators.

2 2 2E lem en ts k q ¡ q k k q ¡ q k ©h R hL L2 2

8 2.480 0E 6 1 .51 00 E 6 0.60 9

32 0.476 0E 6 0 .45 60 E 6 0.95 8

1 28 0.136 0E 6 0 .12 30 E 6 0.90 4

5 12 0.038 6E 6 0 .03 00 E 6 0.78 9

O n e tim e step (¢ t = 1 m in u te)

2 2 2E lem en ts k q ¡ q k k q ¡ q k ©h R hL L2 2

8 3.600 0E 6 2 .72 00 E 6 0.75 6

32 0.650 0E 6 0 .65 90 E 6 1.01 0

1 28 0.177 0E 6 0 .16 80 E 6 0.94 9

5 12 0.058 9E 6 0 .04 28 E 6 0.72 7

T en tim e step s (¢ t = 0 :1 m in u te)

2 2 2E lem en ts k q ¡ q k k q ¡ q k ©h R hL L2 2

8 3.800 0E 6 2 .97 00 E 6 0.78 2

32 0.682 0E 6 0 .71 10 E 6 1.04 0

1 28 0.183 0E 6 0 .18 10 E 6 0.98 9

5 12 0.047 2E 6 0 .04 38 E 6 0.92 8

O n e h u n d red tim e step s (¢ t = 0 :0 1 m in u te)
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tim e step s = 10
2to leran ce = 100 00 0W = m

n o d es = 17

elem en ts = 24
2kq ¡ q k = 522 E 3h L 2
2k q ¡ q k = 580 E 3R h L 2
2© = 1:110

tim e step s = 10
2toleran ce = 10 000 W = m

n o d es = 70

elem en ts = 10 8
2k q ¡ q k = 16 5E 3h L 2
2k q ¡ q k = 15 2E 3R h L 2
2© = 0:92 1

tim e step s = 10
2tolera n ce = 10 00 W = m

n o d es = 19 9

elem en ts = 34 8
2k q ¡ q k = 55 :2 E 3h L 2
2k q ¡ q k = 50 :5 E 3R h L 2
2© = 0:91 5

tim e step s = 1 0
2tolera n ce = 1 00W = m

n o d es = 5 16

elem en ts = 9 34
2k q ¡ q k = 2 4:9E 3h L 2
2k q ¡ q k = 1 7:6E 3R h L 2
2© = 0 :7 07

F igu re 6.3: A d a p ted m esh th at g iv es con vergen ce to th e sp ecī ed tolera n ce a fter th e
¯ rst tim e step .
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C h a p te r 7

B e a m T h e o r y

7 .1 In tr o d u c tio n

H av in g calcu lated , in th e p rev iou s ch ap ter, th e tem p eratu re th rou gh ou t th e fram e w e

n ow con sid er th e stru ctu ral con seq u en ces. T h is ch ap ter u ses th e gen era l th eory o f
C h a p ter 5 to d erive a ¯ n ite elem en t m eth o d for ca lcu latin g fram e d efo rm a tio n . T o
q u an tify th e erro r in th e m eth o d , a n ew error in d icato r, b a sed on th e 1 985 p a p er b y
B an k an d W eiser [8], is p resen ted .

T h e m ost im p orta n t stru ctu ral asp ect of a b u ild in g is its fram e. G en era lly, th is is a n
assem b ly o f slen d er b eam s w h ich a re loa d ed w ith th e w eigh t of th e b u ild in g's w alls

an d ° o ors. A lth o u gh a b eam is a th ree d im en sion al stru ctu re its slen d er n a tu re allow s
th e d eform ation to b e ap p rox im a ted in a on e-d im en sio n al w ay in term s of q u an tities
asso ciated w ith a n in terior lin e. T h is is th e p rin cip le b eh in d all b ea m th eories, th e
m ost sim p le o f w h ich a re b ased on th e E u ler-B ern o u lli a ssu m p tio n th at cro ss section s
rem a in p lan e an d p erp en d icu lar to th e lin e a fter d eform ation [24]. In th e con tex ts

con sid ered h ere th is p rov id es a reaso n ab le m o d el for th e b en d in g o f b eam s alth ou g h
m o d ī cation s m u st b e ad d ed to in clu d e th e e® ects o f tra n sverse sh ear (T im o sh en ko
b eam th eo ry ) a n d w a rp in g sh o u ld th ey b e d eem ed sign ī ca n t [2 4], [10 ].

T h e ch ara cter o f a b eam 's cross section is in co rp ora ted in to co e± cien ts th at in ° u en ce
th e b ea m 's resista n ce to d efo rm a tio n . U n d er n o rm a l co n d ition s a b u ild in g d eform s,
w h en loa d ed , in a lin ear ela stic w ay. T h e m o d u lu s o f ela sticity (Y o u n g's m o d u lu s) is

tem p era tu re d ep en d en t an d a n in crea se in tem p eratu re w ill u su ally red u ce a b eam 's
b en d in g resista n ce. F u rth erm ore, a h ea ted b eam , e.g. in a ¯ re situ a tio n , ex p erien ces a
th erm a l ex p an sion (th erm al strain ) ca u sin g ad d ition a l in tern al stress if th is ex p an sio n
is restricted in an y w ay. If th e lo ad in g is con tin u a lly in crea sed o r if th e stru ctu re is
con tin u a lly w ea ken ed th en a stag e w ill b e rea ch ed w h en th e in tern a l stresses w ill ex ceed

a y ield p oin t an d th e d eform atio n w ill b eco m e p lastic alth ou g h in th is ch ap ter w e sh a ll
con sid er on ly th e lin ear elastic resp on se.

In th e con tex t of th e lin ea r elastic d efo rm a tio n of b ea m s a n d fram es th e p u rp ose o f
th is ch ap ter is to d escrib e a n error estim ator of th e B a n k -W eiser ty p e (see [8]) w h ich
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T h e d eform ation is ap p rox im a ted in term s of th e x co -1

ord in ate. A n y p o in t, x = (x ;x ;x ), m ay b e w ritten1 2 3

as th e su m of p = (x ;0 ;0 ) a n d r = (0;x ;x ). A fter1 2 3

d efo rm a tio n p is m ap p ed to p + u an d r is m ap p ed to
T r w h ere u is th e d isp lacem en t of th e in terior lin e a n d

T is a ro tation m atrix .

F igu re 7 .1 : B ea m a x es.

can b e u sed to a ssess th e accu ra cy of th e ¯ n ite elem en t so lu tion to th e eq u ation s
d escrib in g th e th erm o elastic eq u ilib riu m of su ch stru ctu res. T h e m ain resu lt is to sh ow
th at th e estim ator, w h ich ca n b e com p u ted elem en t-b y -elem en t, is con sisten t w ith th e
actu al error (as m ea su red in th e en ergy n o rm ) an d , fo r h igh er d egrees o f th e p iecew ise

p o ly n o m ials u sed , th e estim a tor is sh ow n to b e a sy m p to tically ex a ct. W e sh ow th at th e
asy m p totically ex act cases corresp o n d to cases w h ere th e ¯ n ite elem en t ap p rox im a tio n
h as certa in su p ercon vergen t p rop erties.

T o d escrib e th e estim ator an d ou r b ea m an d fram e m o d el th e p resen ta tio n o f th e ch ap -
ter is a s follow s: In section 7 .2 w e d escrib e th e E u ler-B ern ou lli b eam m o d el a n d th e
eq u ilib riu m eq u ation s in a w ea k fo rm a n d w e ex ten d th is to th e case of a fram e stru c-

tu re. In sectio n 7.3 w e th en d escrib e ¯ n ite elem en t a p p rox im ation s a n d , in section 7 .4
w e rev iew th e a priori estim a tes o f th e error con sid erin g th e situ a tion s (in vo lv in g d if-
feren t o rd ers of th e p iecew ise p o ly n om ials u sed ) in w h ich w e h ave su p ercon v erg en ce
at id en tī a b le p oin ts. T h e m a in resu lts of th e ch ap ter a re th en con tain ed in S ec-
tio n 7.5 w h ere w e d e¯ n e an d a n aly se th e a priori error estim a tor. T h e p erform an ce o f

th e estim a tor, fo r d i® eren t d egrees o f p oly n om ia l ap p rox im a tio n , is d em on stra ted in
section 7.6.

7 .2 T h e b e a m a n d fr a m e m o d e l

7 .2 .1 D e fo rm a tio n o f a b e a m

W e p resen t h ere th e eq u a tio n s w h ich d escrib e th e eq u ilib riu m of a sin g le b ea m a n d w e
th en ex ten d th is to d escrib e a fra m e stru ctu re in th e case o f rigid join ts.
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L et x , x a n d x d en o te co o rd in a tes in a cartesian sy stem w ith b , b a n d b d en o tin g1 2 3 1 2 3

th e u su al b ase vecto rs. W e con sid er a b ea m w h ose in terio r lin e is th e p art 0 < x < l o f1

th e x -a x is w ith (p ossib ly va ria b le) cross-section o f area A (x ). In E u ler-B ern o u lli b eam1 1

th eory w e h ave a n ap p rox im a te on e-d im en sion a l d escrip tio n o f th is th ree-d im en sio n al
stru ctu re in vo lv in g ju st th e d isp la cem en ts u , u an d u in th e b , b a n d b d irection s1 2 3 1 2 3

tog eth er w ith a tw ist µ ab o u t th e in terior lin e. It is co n v en ien t in w h a t fo llow s in th e
con tex t o f a sin g le b ea m to g ath er th ese 4 scalar q u an tities to geth er in to th e vecto r

0 1
u 1

B CuB C2
u := B C w ith u = u (x );0 < x < l: (7 .1 )1 1@ Au 3

µ

T h e p u rp ose of th is section is to d escrib e th e id ealised E u ler-B ern ou lli d eform ation an d
to give th e sy stem of o rd in a ry d i® eren tia l eq u ation s (of len gth 4 )

L (u ) = f (7 .2 )

th at u m u st sa tisfy. S in ce u n ow d en otes th e d isp la cem en t o f th e in terior lin e, w h ere
¹n ecessary w e sh all d en ote th e gen eral d isp lacem en t vecto r b y u .

T o d escrib e th e eq u a tio n s w e n eed to ¯ rst d escrib e th e b eam d efo rm a tio n , th e strain s,
th e stresses an d th e forces an d m om en ts actin g on a cross-sectio n . It is th e eq u ilib riu m

of th e fo rces an d m o m en ts on th e cro ss-section w h ich gen erates o u r sy stem (7.2).

F or th e d eform ation of th e in terior lin e w e h av e

x b ! (x + u )b + u b + u b : (7 .3 )1 1 1 1 1 2 2 3 3

T h e ta n gen t to th e d eform ed in terio r lin e is g iv en b y

0 0 0t := (1 + u )b + u b + u b (7 .4 )1 1 2 31 2 3

0w h ere d en otes d i® eren tia tion w ith resp ect to x . W ith th e u su al sm all d efo rm a tio n1

assu m p tio n t is ap p rox im a tely u n it. M ateria l ¯ b res in th e cross-sectio n in th e sta rtin g1

sta te o f th e b eam in th e d irection s b an d b d eform in E u ler-B ern ou lli b eam th eory2 3

to d irection s in th e cro ss-section p erp en d icu la r to th e d efo rm ed in terior lin e. H en ce
th e cro ss-section u n d erg o es a tran sform atio n eq u iva len t to rota tio n s a b ou t th e x an d2

x ax es o f an g les µ a n d µ , resp ectiv ely. E m p loy in g th e con ven tion al left h a n d ed3 2 3

co o rd in a te sy stem w ith th e co rk screw ru le, th ese a n gles are rela ted to th e d isp lacem en t
d eriva tiv es b y

Ã !
d u d u d u2 2 1

ta n µ = = 1 ¡ (7 .5 )3
d s d x d s1 Ã !
d u d u d u3 3 1¡ ta n µ = = 1 ¡ (7 .6 )2
d s d x d s1
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w h ere s = x + u (see F igu re 7.2). W e assu m e th a t th e a n gles an d d isp lacem en t1 1

d eriva tiv es are sm all so th at, to ¯ rst ord er,

d u d u2 3
µ = a n d µ = ¡ : (7 .7 )3 2

d x d x1 1

A llow in g for a tw ist of sm a ll an g le µ arou n d th e x a x is th e tra n sform ation o f th e1

cross-section is given b y

0 1 0 1 0 1 0 1 0 1
0 00 1 0 0 1 0 ¡ u 1 ¡ u 0 03 2B C B C B C B C B C0x ! 0 1 ¡ µ 0 1 0 u 1 0 x (7 .8 )@ A @ A @ A @ A @ A2 22

0x 0 µ 1 u 0 1 0 0 1 x3 33

w h ich , to ¯ rst o rd er, is

0 1 0 1 0 1
0 00 1 ¡ u ¡ u 02 3B C B C B C0x ! u 1 ¡ µ x : (7 .9 )@ A @ A @ A2 22

0x u µ 1 x3 33

H en ce th e tran sfo rm a tio n m atrix is
0 1

0 01 ¡ u ¡ u2 3B C0T = ( t t t ) := u 1 µ (7.10 )@ A1 2 3 2
0u ¡ µ 13

w h ich , to ¯ rst ord er, is o rth ogo n al. T h e (sm all) d eform ation of th e b eam is h en ce
d escrib ed b y 0 1 0 1 0 1 0 1

0 0x x + u 1 ¡ u ¡ u 01 1 1 2 3B C B C B C B C0x ! u + u 1 ¡ µ x (7.11 )@ A @ A @ A @ A2 2 1 22
0x u u µ 1 x3 3 1 33

an d th e d isp la cem en t ¯ eld is

0 1 0 1
0 0¹u u ¡ x u ¡ x u1 1 2 32 3B C B C

¹u = u ¡ x µ : (7.12 )@ A @ A2 2 3

¹u u + x µ3 3 3

T h is g iv es th e in ¯ n itesim a l strain s

0 00 00² = u ¡ x u ¡ x u1 1 2 31 2 3

1 0² = ¡ x µ (7.13 )1 2 3
2

1 0² = x µ :1 3 2
2

In E u ler-B ern o u lli th eory it is assu m ed th at ¾ = ¾ = ¾ = 0 an d , in th e case o f2 2 3 3 2 3

a lin early ela stic b eam con tain in g a (h y d rostatic) th erm al strain ² , th e con stitu tiveth
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L et s b e d e¯ n ed as

s := x + u (x )1 1 1

th en th e a n gle b etw een th e ta n gen t to th e d isp lacem en t
cu rve an d th e x a x is is given b y1

d u 2
tan µ =3

d s
d u d x2 1

=
d x d s1 Ã !
d u d u2 1

= 1 ¡
d x d s1

F igu re 7.2: R elation sh ip b etw een µ a n d th e d isp lacem en ts u an d u .3 1 2

89



F ig u re 7.3: B eam slice

eq u a tio n s a re

¾ = E (² ¡ ² )1 1 1 1 th
µ ¶

E
¾ = 2¹ ² = ² (7.14 )1 2 1 2 1 2

1 + º
µ ¶

E
¾ = 2¹ ² = ²1 3 1 3 1 3

1 + º

w h ere as u su a l E , ¹ a n d º d en ote Y ou n g 's m o d u lu s, th e sh ear m o d u lu s a n d P oisso n 's
ratio, resp ectiv ely.

7 .2 .2 E q u ilib riu m e q u a tio n s

C o n sid er a sectio n of th e b eam b etw een th e p oin ts x = x an d x = x + ± x . T h e1 1

su rfa ce of th e section m ay b e d iv id ed in to th e th ree region s A (x ), A (x + ± x ) a n d ¡ (x )1
as sh ow n in F igu re 7.3 . T h e b ea m ex p erien ces a b o d y fo rce f th ro u gh o u t th e sectio n
an d a su rfa ce fo rce g on ¡ . A p p ly in g th e force eq u ilib riu m eq u a tio n (5 .3 1) to th is b o d y
w e h ave

x + ± xZ Z Z
t(x ) d x + t(x ) d x + p (x ) d x = 0 (7.15 )1 1

xx 2A (x ) x 2A (x + ± x )

w h ere Z Z
p (x ) = f (x ) d x + g (x ) d x : (7.16 )1

x 2A (x ) x 2¡ (x )1 1
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A p p licatio n o f th e m o m en t eq u ilib riu m eq u a tio n (5.32 ) gives u s
Z Z

(x ¡ x e ) £ t(x ) d x + (x ¡ x e ) £ t(x ) d x1 1 1 1

x 2A (x ) x 2A (x + ± x )

x + ± xZ
+ (x ¡ x )e £ p (x ) + m (x ) d x = 0 (7.17 )1 1 1 1 1

x

w h ere
Z Z

m (x ) = (x ¡ x e ) £ f (x ) d x + (x ¡ x e ) £ g (x ) d x : (7.18 )1 1 1 1 1

x 2A (x ) x 2¡ (x )1 1

W e co m m en t on th e vector m b elow . T h e tractio n vecto r is given b y (5 .7) w ith th e
u n it n orm al v ector n (x ) given b y

0 18
1>>> B C> 0> ¡ u ; x 2 A (x )@ A> 2>> 0>> u< 3

n (x ) = : (7.19 )0 1>>> 1>>> B C> 0> + u ; x 2 A (x + ± x )@ A> 2>: 0u 3

S u b stitu tin g (7 .1 9) in to (5 .7) gives u s, to low est ord er,
0 18

¾> 1 1>> B C>> ¡ ¾ ; x 2 A (x )@ A> 1 2>>>> ¾< 1 3

t(x ) = : (7.20 )0 1>>> ¾> 1 2>> B C>> + ¾ ; x 2 A (x + ±x )@ A> 1 2>:
¾ 1 3

S u b stitu tin g (7 .2 0) in to (7 .15 ) an d (7.17 ) w e h ave

x + ± xZ
F (x + ±x ) ¡ F (x ) + p (x ) d x = 0 (7.21 )1 1

x

x + ± xZ
M (x + ± x ) ¡ M (x ) + ±x e £ F (x + ± x ) + m (x ) d x = 0 (7.22 )1 1 1

x

w h ere
0 1 0 1

F ¾Z1 1 1
B C B C

F = F = ¾ d x (7.23 )@ A @ A2 1 2

F ¾x 2A3 1 30 1 0 1 0 1 0 1
M 0 ¾ x ¾ ¡ x ¾Z Z1 1 1 2 1 3 3 1 2

B C B C B C B C
M = M = x £ ¾ d x = x ¾ d x : (7.24 )@ A @ A @ A @ A2 2 1 2 3 1 1

M x ¾ ¡ x ¾x 2A x 2A3 3 1 3 2 1 1
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T a k in g th e lim its a s ± x ten d s to zero w e h av e

d F
+ p (x ) = 0 (7.25 )

d x
d M

+ e £ F (x ) + m (x ) = 0 : (7.26 )1
d x

It is n ot u su al to in clu d e th e m o m en t vector m sin ce its e® ect o n a fra m e stru ctu re is
n eglig ib le co m p a red to th a t of th e force v ecto r p . T h e in clu sio n of m w o u ld on ly b e
ju stī ed in sin gle b eam p rob lem s o f p u re to rsion or fra m e p rob lem s in w h ich secon d ary
e® ects, su ch as w arp in g, w ere b ein g con sid ered . W ith th e assu m p tio n th a t m is zero

th e fu ll eq u ilib riu m eq u ation s govern in g a sin gle b eam a re

d F 1
+ p (x ) = 0 (7.27 )1

d x
d F 2

+ p (x ) = 0 (7.28 )2
d x
d F 3

+ p (x ) = 0 (7.29 )3
d x

d M 1
= 0 (7.30 )

d x
d M 2 ¡ F (x ) = 0 (7.31 )3
d x

d M 3
+ F (x ) = 0: (7.32 )2

d x

T h e b en d in g eq u a tio n s in volv in g th e sa m e force term s are com b in ed to give

2d M 2
+ p (x ) = 0 (7.33 )32d x

2d M 3 ¡ p (x ) = 0: (7.34 )22d x

B y d e¯ n in g S := F , S := M , S := ¡ M an d S := M w e ob ta in ou r sy stem1 1 2 3 3 2 4 1

0 1 0 1 0 10 0¡ S ¡ F p 11 1
B C B C B C00 0 00S ¡ F = M pB C B C B C22 2 3L (u ) := B C = B C = B C = : f : (7.35 )00 0 00@ A @ A @ AS ¡ F = ¡ M p 33 3 2

0 0¡ S ¡ M 04 1

T o sh ow m o re ex p licitly th e d ep en d en ce o f L on u it is co n v en ien t to d e¯ n e

0 10u 1
B C00uB C2B (u ) := B C : (7.36 )00@ Au 3

0µ
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T h en , u sin g (7 .1 3), (7.14 ), (7 .2 3) a n d (7 .24 ), w e h ave

0 1 0 1
S F1 1

B C B CS MB C B C2 3B C = B C = D B (u ) ¡ Q (7.37 )
@ A @ AS ¡ M3 2

S M4 1

w h ere
0 1

1 ¡ x ¡ x 02 3
B C2Z ¡ x x x x 0B C2 2 32B C3D := E (x )B C d x (7.38 )¡ x x x x 03 2 3 3B C

2 2@ Ax 2A x + x2 30 0 0
2(1 + º )

0 1
1

Z B C¡ xB C2
Q := E (x )² B C d x : (7.39 )th @ A¡ x 3

x 2A
0

If th e cro ss-sectio n is sy m m etric an d th e in terior lin e co rresp on d s to th e ela stic cen troid
th en th e m atrix D is a d iago n al m atrix . G en era lly D is n o t d iago n al.

7 .2 .3 B o u n d a r y c o n d itio n s

S p ecī c solu tio n s o f (7.35 ) d ep en d on th e sp ecī cation of b ou n d a ry con d itio n s th a t
rela te to th e d egrees of freed om of th e b eam ; i.e. th e d isp lacem en ts, u , u an d u , an d1 2 3

th e ro tation s, µ , µ a n d µ . In m ost p ractica l p rob lem s a p a rticu la r d eg ree o f freed om1 2 3

is eith er ¯ x ed , in w h ich case th e d isp la cem en t or ro tation is zero, or u n restricted , in

w h ich ca se its co rresp on d in g force o r m om en t is zero . T h e follow in g ta b le sh ow s th e
p o ssib ilities.

T ab le 7.1 : B ou n d ary C o n d ition C om b in a tio n s

D .O .F . F ix ed N ot ¯ x ed

u u = 0 F = 01 1 1
0u u = 0 F = ¡ M = 02 2 2 3
0u u = 0 F = M = 03 3 3 2

µ = u µ = 0 M = 01 4 1 1
0 0µ = ¡ u u = 0 M = 02 23 3
0 0µ = u u = 0 M = 03 32 2

If th e d isp lacem en ts are ¯ x ed b u t th e rota tio n s are n o t th en th e b ea m is said to b e
sim p ly su p p o rted . If b o th th e d isp lacem en ts a n d rotation s a re ¯ x ed th en th e b eam is
sa id to b e rigid ly ¯ x ed o r cla m p ed .
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7 .2 .4 F ra m e s

A fram e stru ctu re is a n assem b ly of b eam s each o f w h ich is gov ern ed b y th e b eam
eq u a tio n s in a lo cal co ord in ate sy stem ; i.e. th e b ea m lies alon g th e x ax is in th e in terval1

[0;l]. A rota tio n m atrix , R , m ap s th e lo cal d isp la cem en ts an d ro tation s on to th eir
glob a l orien tation . T h e in teractio n b etw een th e b ea m s is govern ed b y join t co n d ition s
th at d ictate th e co n tin u ity of th e d isp la cem en ts an d rotation s a n d rela te th e forces
an d m om en ts actin g o n th e join t. U su a lly it is assu m ed th at th e d isp la cem en ts are

con tin u o u s so th at, a t a jo in t,

0 1 0 1(i) (j)
u u1 1

B C B C(i) (j)(i) (j)R = R ; 8 i;j 2 jo in t (7.40 )@ A @ Au u2 2
(i) (j)

u u3 3

w h ere th e su p erscrip ts d en ote th e b ea m n u m b er. If a jo in t is rig id th en th e rotation s
are a lso con tin u o u s, i.e.

0 1 0 1(i) (j )
µ µ1 1B C B C(i) (j )(i) (j)R = R ; 8 i;j 2 jo in t; (7.41 )@ A @ Aµ µ2 2
(i) (j )

µ µ3 3

so th a t th e an g les b etw een th e b ea m s a re p reserved . In ord er fo r th e fram e to b e in
eq u ilib riu m th e fo rces a n d m om en ts actin g at a join t m u st su m to zero. H en ce w e h ave

X
(i) (i) (i)R F n = 0 (7.42 )

i2joint
X

(i) (i) (i)R M n = 0 (7.43 )
i2j oint

(i)w h ere n is eith er + 1 or ¡ 1 d ep en d in g o n th e d irection of th e b ea m as illu strated
in F ig u re 7.4. T h e rig id join t is a m a th em a tical id ea lisa tion th at w ork s fo r m ost ap -
p lication s to b u ild in g fra m ew ork s. A n oth er id ea lisation is th e p in join t in w h ich th e
rota tio n s a re a llow ed to b e d isco n tin u ou s an d th e m o m en ts a re zero. In a b u ild in g
fram ew o rk th e join ts a re e® ectively rigid u n d er n orm al circu m stan ces. In h ig h tem p er-

atu re co n d ition s, su ch a s a ¯ re, join ts m ay ex h ib it sem i-rigid b eh av iou r in w h ich th e
rota tio n s are n o lon g er con tin u o u s an d th e m om en ts o b ey an ex p erim en tally d erived
rela tion sh ip w ith th e an g le d i® eren ces.

7 .2 .5 A n a ly tic a l so lu tio n s

S olu tion s of (7.35) w ith a n y com b in ation of b o u n d ary co n d ition s fro m T ab le 7 .1 m ay
b e fo u n d b y d irect in teg ration an d th e solu tio n o f a lin ea r sy stem in term s of th e b eam

0 00 00 0stra in s (i.e. u , u , u an d µ ). F or p rob lem s in w h ich th e m a trix D is d iag on a l th e1 2 3

fu ll v ector eq u a tion d eco u p les in to
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(i)F ig u re 7.4 : E q u ilib riu m o f jo in ts. T h e va lu e of n is + 1 if th e b eam is p o in tin g tow ard s
th e join t an d ¡ 1 if it is p oin tin g aw ay.

Ã !
d d u d Q1 1¡ D = f + (7.44 )1 1 1
d x d x d x
Ã !

2 2 2d d u d Q2 2
D = f + (7.45 )2 2 22 2 2d x d x d x
Ã !

2 2 2d d u d Q3 3
D = f + (7.46 )3 3 32 2 2d x d x d x
Ã !

d d µ
D = 0 : (7.47 )4 4

d x d x

C a ses w h ere D is con sta n t are relatively easy to solve b y d irect in tegra tio n . T h ree
su ch ex a m p les a re co n sid ered h ere.

A rig id ly ¯ x e d b e a m

C o n sid er th e p u re b en d in g p rob lem w h ere f = f = 0 w ith f con sta n t a n d th e b eam ,1 2 3

w h ich is of u n it len g th , rig id ly ¯ x ed at each en d . In tegra tin g (7.46 ) tw ice gives

2d u f3 3 2D = x + c x + c : (7.48 )3 3 1 22 2d x
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D iv id in g b y D a n d in tegra tin g tw ice m ore gives3 3

f c c3 1 34 3 2u = x + x + x + c x + c : (7.49 )3 3 4
2 4D 6 23 3

U sin g th e fact th a t
0 0u (0) = u (0 ) = u (1) = u (1) = 0 (7.50 )3 33 3

w e h ave th e so lu tion
f 3 2 2u = x (x ¡ 1 ) : (7.51 )3

24 D 3 3

A sim p ly su p p o rte d b e a m

C o n sid er th e sam e b eam b u t sim p ly su p p o rted at ea ch en d . U sin g th e fa ct th at

0 0M (0 ) = M (0 ) = M (1) = M (1) = 0 (7.52 )2 22 2

an d ap p ly in g it to (7 .4 6) w e h av e th at

2d u f3 3
M (x ) = D = x (x ¡ 1 ): (7.53 )2 3 3 2 2d x

D iv id in g b y D a n d u sin g3 3

u (0 ) = u (1) = 0 (7.54 )3 3

gives th e solu tio n
f 3 2u (x ) = x (x ¡ 1)(x ¡ x ¡ 1): (7.55 )3

24D 3 3

A sim p le fra m e w ith rig id jo in ts

C o n sid er n ow an assem b ly o f th ree b ea m s in th e x x p lan e, as illu strated in F ig u re 7.5,1 3

w ith a n a p p lied con tin u o u s v ertical force a lon g th e h orizo n ta l b eam . L o ca lly, ea ch b eam
m ay b e m a p p ed o n to th e [0 ;l] in terval on th e x ax is a n d satisfy eq u atio n s (7 .4 4) an d1

(7.46 ). If th e join ts b etw een th e b ea m s are rig id th en th e d isp la cem en ts a n d rotation s
at th e join ts are con tin u o u s. A lso, sin ce th e fram e is in eq u ilib riu m , th e resu ltin g forces
actin g on th e join t a n d th e resu ltin g m o m en ts actin g on it m u st b e zero . F or th is p lan e

ex a m p le th is m ea n s th a t, for con tin u ity a t th e join ts,

0 1 0 1 0 1 0 1 0 1 0 1(1 ) (2 ) (2 ) (3 )
u (1) u (0) u (1) u (0)0 1 0 0 1 01 1 1 1

B C B C B C B C B C B C(1 ) (2 ) (2 ) (3 )= ¡ 1 0 0 ; = ¡ 1 0 0@ A @ A @ A @ A @ A @ Au (1) u (0) u (1) u (0)3 3 3 3
(1 ) (2 ) (2 ) (3 )0 0 1 0 0 1µ (1) µ (0) µ (1) µ (0)2 2 2 2

(7.56 )
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E ach b eam is m o d elled b y (7 .4 4) a n d (7.46) in th e lo cal
co -ord in a te sy stem s in d ica ted .

F igu re 7.5: S im p le fra m e w ith rigid join ts b efo re d efo rm a tion

an d , fo r eq u ilib riu m at th e jo in ts,
0 1 0 1 0 1 0 1

(1 ) (2 )F (u ) 0 1 0 F (u ) 01 1
B C B C B C B C(1 ) (2 )F (u ) ¡ ¡ 1 0 0 F (u ) = 0@ A @ A @ A @ A3 3

(1 ) (2 )M (u ) 0 0 1 M (u ) 02 2a t x = 1 at x = 0

0 1 0 1 0 1 0 1
(2 ) (3 )F (u ) 0 1 0 F (u ) 01 1

B C B C B C B C(2 ) (3 )F (u ) ¡ ¡ 1 0 0 F (u ) = 0@ A @ A @ A @ A3 3
(2 ) (3 )M (u ) 0 0 1 M (u ) 02 2a t x = 1 at x = 0

(7.57 )

W e assu m e th at th e fram e is rigid ly su p p orted to th e gro u n d so th a t
0 1 0 1 0 1 0 1(1 ) (3 )

u (0 ) u (1 )0 01 1
B C B C B C B C(1 ) (3 )= 0 ; = 0 : (7.58 )@ A @ A @ A @ Au (0 ) u (1 )3 3

(1 ) (3 )0 0µ (0 ) µ (1 )2 2

A fter in tegra tin g (7 .4 4) an d (7 .46 ) an d ap p ly in g th e b ou n d a ry con d ition s in (7.58) w e
h ave

µ ¶
c x1(1 )u = (7.59 )3 2c x + c x2 3

µ ¶
c x + c4 5(2 )u = (7.60 )f 4 3 23 x + c x + c x + c x + c6 7 8 92 4µ ¶

c (x ¡ l)1 0(3 )u = (7.61 )3 2c (x ¡ l) + c (x ¡ l)1 1 1 2
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F igu re 7.6: F ra m e a fter d eform ation . D isp la cem en ts sca led b y 5 0.

w h ere c :::c a re co n stan ts to b e d eterm in ed . A p p lica tio n o f (7.56) an d (7.57) lead s1 1 2

to a sy stem o f tw elve eq u ation s in th e tw elve u n k n ow n s w h ich m ay b e solved u sin g
a m a th em atical co m p u ter p acka ge, e.g. M a th em atica. A fter o b tain in g th e con stan t
valu es th e so lu tion is fou n d to b e

Ã !
¡x

(1 ) 2 0 0 0u = (7.62 )2(3 9 9¡ 4 0 0 x )x
2 4 0 6 0Ã !

1¡2 x
(2 ) 2 4 0 6 0u = (7.63 )2 3 41 6 7 x 2 6 7 x x x¡ ¡ ¡ + ¡

2 0 0 0 4 0 1 0 8 0 2 0 1 0 2 0Ã !
1¡ x

(3 ) 2 0 0 0u = (7.64 )2(x¡ 1 ) (4 0 0 x¡1 )
2 4 0 6 0

an d th e d efo rm ed fra m e is illu stra ted in F igu re 7 .6 .

7 .2 .6 W e a k fo rm fo r a sin g le b e a m

W ith th e eq u atio n s in th e fo rm L (u ) = f w e can o b tain th e w eak form fo r a sin gle b eam

eq u a tio n in th e u su al w ay. U sin g vecto r/m atrix n o tation th e w eak form is o b tain ed b y
p re-m u ltip ly in g b y v 2 H = H − H − H − H a n d in tegra tin g over th e len gth of th e1 2 3 4

b eam . W e o b tain , u sin g in teg ratio n b y p arts,
Z Zl l

T 0 00 00 0f v d x = (¡ S v + S v + S v ¡ S v ) d x (7.65 )1 2 3 41 2 3 4
0 0Z l

0 00 00 0= (S v + S v + S v + S v ) d x + en d term s (7.66 )1 2 3 41 2 3 4
0Z l

T= B (v ) (D B (u ) ¡ Q ) d x + en d term s (7.67 )
0

w h ere th e en d term s are given b y

l0 0 0 0en d term s = [¡ S v + S v ¡ S v + S v ¡ S v ¡ S v ] (7.68 )1 1 2 2 3 3 4 42 2 3 3 0
l0 0= ¡ [( v v v ) F + ( v ¡ v v ) M ] : (7.69 )1 2 3 4 3 2 0
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T h u s w e h av e

l0 0a(u ;v ) = (f ;v ) + (Q ;B (v )) ¡ [( v v v ) F + ( v ¡ v v ) M ] (7.70 )1 2 3 4 3 2 0

w h ere

lZ
Ta (u ;v ) = B (v ) D B (u ) d x 1

0

lZ
T(f ;v ) = v f d x (7.71 )1

0

lZ
T(Q ;B (v )) = B (v ) Q d x :1

0

1R egard in g th e test sp ace H , th e in tegra tio n b y p arts req u ires th a t H ;H ½ H (0;l)1 4
2an d H ;H ½ H (0;l). T h e com p lete sp ecī ca tion of H d ep en d s on th e b ou n d ary2 3

con d itio n s of th e p ro b lem b ein g con sid ered w h ich ty p ica lly in v olve u , F o r M b ein g
sp ecī ed at an en d , x = 0 or x = l. In th e case o f a sin gle b eam w e assu m e th a t th e1 1

b o u n d ary co n d ition s of th e p ro b lem an d th e test sp a ce H are su ch th a t

l0 0[( v v v ) F + ( v ¡ v v ) M ] = 0: (7.72 )1 2 3 4 3 2 0

T h u s to su m m arize, w e h av e a test sp ace H an d w e seek a su ita b le d isp lacem en t u

sa tisfy in g
a (u ;v ) = (f ;v ) + (Q ;B (v )) (7.73 )

for a ll v 2 H .

7 .2 .7 A rig id fra m e stru c tu re

F or a fram e stru ctu re co n sistin g o f n b b eam s w e h av e n b vectors,

(k ) (k ) (k )u = u (x ) for 0 < x < l ;1 1

an d n b eq u a tio n s o f th e form

(k ) (k ) (k )L (u ) = f ; 1 · k · n b (7.74 )

tog eth er w ith b ou n d a ry con d itio n s a n d co n d ition s rela tin g to th e jo in ts. F o r a rigid
fram e th e join t con d itio n s are th e con tin u ity eq u ation s (7.40 ) a n d (7 .41 ) a n d th e eq u i-
lib riu m eq u a tion s (7.42 ) an d (7.43 ).
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(k ) (k ) (k )(k ) (k ) (k )W ith a(u ;v ), (f ;v ) an d (Q ;B ) b ein g th e q u an tities corresp o n d in g to
(7.71 ) for th e k th b eam , th e w ea k form is ob ta in ed b y con sid erin g

n b n bX X
(k ) (k ) (k ) (k )(L (u );v ) = (f ;v ) (7.75 )

k = 1 k = 1

(k )for test vecto rs v ;0 · k · n b w h ich satisfy

0 1 0 1(k ) (j)
v v v v1 4 1 4

B C B C(k ) (j)0 0R v ¡ v = R v ¡ v (7.76 )@ A @ A2 23 3
0 0v v v v3 32 2

at th e jo in t b etw een b eam s k an d j. A s in th e ca se of a sin gle b eam w e ob tain

n b n b n bX X X
(k )(k ) (k ) (k ) (k ) (k )a (u ;v ) = (f ;v ) + (Q ;v ) (7.77 )

k = 1 k = 1 k = 1

n b h i(k )X l(k ) (k )(k ) (k )0 0¡ ( v v v ) F + ( v ¡ v v ) M (7.78 )1 2 3 4 3 2 0
k = 1

an d from th e b o u n d ary con d itio n s, con tin u ity con d ition s a n d jo in t eq u ilib riu m co n d i-
tio n s th is red u ces to

n b n b n bX X X
(k ) (k )(k ) (k ) (k ) (k )a (u ;v ) = (f ;v ) + (Q ;v ): (7.79 )

k = 1 k = 1 k = 1

T h u s, w ith a p p rop riate re-d e¯ n ition of u , v , f a n d Q an d fo r th e test sp a ce H an d

w ith

n bX
(k ) (k )a(u ;v ) := a (u ;v )

k = 1

n bX
(k ) (k )(f ;v ) := (f ;v ) (7.80 )

k = 1

n bX
(k ) (k )(Q ;v ) := (Q ;v )

k = 1

w e ca n a gain ex p ress th e w eak form in th e sta n d ard w ay as

a (u ;v ) = (f ;v ) + (Q ;B (v )) (7.81 )

for a ll v in H .
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7 .2 .8 A p in n e d a n d se m i-rig id fra m e stru c tu re

In th e p rev io u s su b section w e con sid ered a fram e w h o se join ts w ere rig id so th at th e
rota tio n s b etw een con n ectin g b eam s are con tin u o u s. T h is is an id ea lisation in w h ich
th e join t resists th e m om en ts a ctin g u p o n it. T h e oth er ex trem e is a p in or b a ll join t
w h ich d o es n ot resist th e m om en ts so th at, at th e jo in t,

(k )M = 0 8 k 2 join t: (7.82 )

T h e rotation s are n o lo n ger con tin u ou s b etw een th e b eam s so th at th e o n ly co n tin u ity
con d itio n is 0 1 0 1(k ) (j )

u u1 1
B C B C(k ) (j)R u = R u (7.83 )@ A @ A2 2

u u3 3

T h is is a lso tru e of a sem i-rigid fra m e. A t a sem i-rig id join t each m om en t is g overn ed
b y a n M ¡ Á relation w h ere Á is th e d i® eren ce b etw een th e tw o an gles. If th e relation s

d Mare lin ea r th en th e join t sti® n ess, k = , is con sta n t an d
d Á

0 1(k ) (j)k (µ ¡ µ )1
B (k ) (j) C(k ) 0M = k (¡ u + u ) (7.84 )@ A2 3 3

(k ) (j) 0k (u ¡ u )3 2 2

w h ere k , k a n d k are th e join t sti® n esses for th e rota tion s a b ou t th e x , x a n d x1 2 3 1 2 3

ax es.

In th e case of th e p in -jo in ted fram e th e w ea k form is u n a ltered . H ow ever, fo r sem i-rigid
fram es, th e w eak form n ow in clu d es th e con trib u tion from each sem i-rigid join t. H en ce

µ ¶n b h³ ´ i(k )X l(k ) (k ) (k )(k ) (k ) (k )0 0a (u ;v ) := a(u ;v ) + M : (7.85 )v ¡ (v ) (v )4 3 2 0
k = 1

O n ly solu tio n s to rig id join ted fra m e p ro b lem s are con sid ered in th is th esis.

7 .2 .9 N o rm s

U sin g (7.80 ) w e d e¯ n e th e en ergy a n d L n orm s resp ectiv ely as2

1
2k v k = a(v ;v ) (7.86 )

1
2kv k = (v ;v ) : (7.87 )L 2

T h e tw o n o rm s are rela ted b y th e in eq u ality

2 2C k B (v )k · k v k · C k B (v )k (7.88 )L L2 21 2
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w h ere
( )h ³ í

(k )C = m in m in ¸ D (x ) (7.89 )1 m in
(k )1·k·n b 0·x· l

( )h ³ í
(k )C = m ax m ax ¸ D (x ) (7.90 )2 m a x

(k )1·k·n b 0·x· l

w h ere ¸ (D ) a n d ¸ (D ) are th e sm allest a n d la rgest eigen va lu e of D . E q u a tio nm in m a x

(7.88 ) follow s from con sid erin g th e R ay leigh q u otien t of D an d th e fa ct th at D is

sy m m etric [11 , P a ges 1 5{1 8].

F or th e p u rp ose o f b ou n d in g th e fram e d isp la cem en t vector in th e n ex t section w e sh ow
th at

k v k · C k B (v )k (7.91 )L L2 2

w h ere C > 0. E q u a tio n (7 .9 1) is an a lo gou s to (2 .1 1) an d th e arg u m en t is sim ila r
alth ou g h th e d eta ils are fram e d ep en d en t. C o n sid er th e case w h ere th e fra m e h as ju st
tw o b ea m s p erp en d icu la r to on e an oth er. B ea m 1 is vertical a n d b ea m 2 is h orizon tal

(1 )w ith th e join t at x = l for b ea m 1 a n d x = 0 for b eam 2. T h e b ase o f b eam 1 is
cla m p ed so th at

0 1 0 1 0 1(1 ) (1 )
v v 01 4

B C B C B C0v = v = 0 (7.92 )@ A @ A @ A2 3
0v v 03 2x = 0 x = 0

an d th e join t b etw een th e b eam s is rig id so th a t

0 1 0 1 0 1(1 ) (2 )
0 0 ¡ 1 v v1 1

B C B C B C0 1 0 v = v (7.93 )@ A @ A @ A2 2

1 0 0 v v(1 )3 3x = l x = 0
0 1 0 1 0 1(1 ) (2 )

0 0 ¡ 1 v v4 4
B C B C B C0 00 1 0 ¡ v = ¡ v : (7.94 )@ A @ A @ A3 3

0 01 0 0 v v(1 )2 2x = l x = 0

(1 )F or v w e h ave
Z x

(1 ) (1 ) (1 ) 0v (x ) = v (0 ) + (v ) (y ) d y (7.95 )1 1 1
0Z x

(1 ) (1 ) (1 ) 0v (x ) = v (0 ) + (v ) (y ) d y (7.96 )2 2 2
0Z x

(1 ) (1 ) (1 ) 0v (x ) = v (0 ) + (v ) (y ) d y (7.97 )3 3 3
0Z x

(1 ) (1 ) (1 ) 0v (x ) = v (0 ) + (v ) (y ) d y (7.98 )4 4 4
0 Z x

(1 ) (1 ) (1 )0 0 00(v ) (x ) = (v ) (0) + (v ) (y ) d y (7.99 )3 3 3
0Z x

(1 ) (1 ) (1 )0 0 00(v ) (x ) = (v ) (0) + (v ) (y ) d y (7.100 )2 2 2
0
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from w h ich w e g et, u sin g (7.92 ) an d th e sam e arg u m en t as for (2 .1 0),

° °p
(1 ) (1 )° °0(1 )jv (x )j · l °(v ) ° (7.101 )1 1

L 2° °p
(1 ) (1 )° °0(1 )jv (x )j · l °(v ) ° (7.102 )2 2

L 2° °p
(1 ) ° (1 ) °0(1 )jv (x )j · l °(v ) ° (7.103 )3 3

L 2° °p
(1 ) (1 )° °0(1 )jv (x )j · l °(v ) ° (7.104 )4 4

L 2° °p
(1 ) (1 )° °0 00(1 )j(v ) (x )j · l °(v ) ° (7.105 )3 3

L 2° °p
(1 ) (1 )° °0 00(1 )j(v ) (x )j · l °(v ) ° : (7.106 )2 2

L 2

N ow ,

(1)lZ° °2° (1 )° 2°v ° = jv (y )j d y (7.107 )11
L 2

0

(1)lZ
2(1 ) 0· l k v k d y (7.108 )1 L 2

0
³ 2́ 2(1 ) 0= l k v k : (7.109 )1 L 2

S im ila rly,

° ° ° °³ ´2 22° (1 )° ° (1 ) °(1 ) 0°v ° · l °(v ) ° (7.110 )2 2
L L2 2° ° ° °³ ´2 2 2° (1 )° ° (1 ) °(1 ) 0°v ° · l °(v ) ° (7.111 )3 3
L L2 2° ° ° °³ ´2 2 2° (1 )° ° (1 ) °(1 ) 0°v ° · l °(v ) ° (7.112 )4 4
L L2 2° ° ° °³ ´2 2 2(1 ) (1 )° ° ° °0 (1 ) 00°(v ) ° · l °(v ) ° (7.113 )3 3
L L2 2° ° ° °³ ´2 22(1 ) (1 )° ° ° °0 (1 ) 00°(v ) ° · l °(v ) ° : (7.114 )2 2
L L2 2

(1 ) (1 ) (1 ) (1 )0 0F u rth erm o re, co m b in in g th e resu lts fo r v a n d (v ) an d sim ila rly fo r v an d (v ) ,2 2 3 3

w e h ave
° ° ° °³ ´2 24(1 ) (1 )° ° ° °(1 ) 00°v ° · l °(v ) ° (7.115 )2 2

L L2 2° ° ° °³ ´2 24° (1 )° ° (1 ) °(1 ) 00°v ° · l °(v ) ° : (7.116 )3 3
L L2 2

H en ce w e h ave sh ow n th a t
° ° ° °³ ´° (1 )° ° (1 ) °(1 ) 0°v ° · l °(v ) ° (7.117 )1 1

L L2 2° ° ° °³ 2́(1 ) (1 )° ° ° °(1 ) 00°v ° · l °(v ) ° (7.118 )2 2
L L2 2
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° ° ° °³ 2́(1 ) (1 )° ° ° °(1 ) 00°v ° · l °(v ) ° (7.119 )3 3
L L2 2° ° ° °³ ´° (1 )° ° (1 ) °(1 ) 0°v ° · l °(v ) ° (7.120 )4 4
L L2 2° ° ° °³ ´

(1 ) (1 )° ° ° °0 (1 ) 00°(v ) ° · l °(v ) ° (7.121 )3 3
L L2 2° ° ° °³ ´° (1 ) ° ° (1 ) °0 (1 ) 00°(v ) ° · l °(v ) ° : (7.122 )2 2
L L2 2

H en ce, fro m th e d e¯ n ition o f k B (v )k , w e h av eL 2

° ° ³ ´° (1 )° (1 )°v ° · l k B (v )k (7.123 )1 L 2L 2° ° ³ 2́(1 )° ° (1 )°v ° · l k B (v )k (7.124 )2 L 2L 2° ° ³ 2́(1 )° ° (1 )°v ° · l k B (v )k (7.125 )3 L 2L 2° ° ³ ´
(1 )° ° (1 )°v ° · l k B (v )k (7.126 )4 L 2L 2° ° ³ ´° (1 ) °0 (1 )°(v ) ° · l k B (v )k (7.127 )3 L 2L 2° ° ³ ´

(1 )° °0 (1 )°(v ) ° · l k B (v )k : (7.128 )2 L 2L 2

(2 )F or v w e h ave

Z (2)(l
(2 ) (2 ) (2 ) 0v (x ) = v (0 ) + (v ) (y ) d y (7.129 )1 1 1

0
Z (2)(l

(2 ) (2 ) (2 ) 0v (x ) = v (0 ) + (v ) (y ) d y (7.130 )2 2 2
0
Z (2)(l

(2 ) (2 ) (2 ) 0v (x ) = v (0 ) + (v ) (y ) d y (7.131 )3 3 3
0
Z (2)(l

(2 ) (2 ) (2 ) 0v (x ) = v (0 ) + (v ) (y ) d y (7.132 )4 4 4
0
Z (2 )(l

(2 ) (2 ) (2 )0 0 00(v ) (x ) = (v ) (0) + (v ) (y ) d y (7.133 )3 3 3
0
Z (2 )(l

(2 ) (2 ) (2 )0 0 00(v ) (x ) = (v ) (0) + (v ) (y ) d y : (7.134 )2 2 2
0

from w h ich w e g et
° °p

(2 ) (2 ) ° (2 ) °0(2 )jv (x )j · jv (0 )j + l °(v ) ° (7.135 )1 1 1
L 2° °p

(2 ) (2 ) (2 )° °0(2 )jv (x )j · jv (0 )j + l °(v ) ° (7.136 )2 2 2
L 2° °p

(2 ) (2 ) (2 )° °0(2 )jv (x )j · jv (0 )j + l °(v ) ° (7.137 )3 3 3
L 2° °p

(2 ) (2 ) (2 )° °0(2 )jv (x )j · jv (0 )j + l °(v ) ° (7.138 )4 4 4
L 2° °p

(2 ) (2 ) ° (2 ) °0 0 00(2 )j(v ) (x )j · j(v ) (0)j + l °(v ) ° (7.139 )3 3 3
L 2° °p

(2 ) (2 ) (2 )° °0 0 00(2 )j(v ) (x )j · j(v ) (0)j + l °(v ) ° : (7.140 )2 2 2
L 2
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(2 ) (2 ) (2 ) (2 ) (2 ) (2 )0 0In o rd er to elim in a te jv (0)j, jv (0)j, jv (0 )j, jv (0 )j, j(v ) (0)j an d j(v ) (0 )j w e1 2 3 4 3 2

u se th e rigid join t con d itio n s (7 .93 ) an d (7.94 ) to w rite

(2 ) (1 ) (1 ) (1 )(1 ) (1 ) (1 )v (0) = C v (l ) + C v (l ) + C v (l ) (7.141 )1 1 1 2 1 31 1 2 3

(2 ) (1 ) (1 ) (1 )(1 ) (1 ) (1 )v (0) = C v (l ) + C v (l ) + C v (l ) (7.142 )2 1 2 2 2 32 1 2 3

(2 ) (1 ) (1 ) (1 )(1 ) (1 ) (1 )v (0) = C v (l ) + C v (l ) + C v (l ) (7.143 )3 1 3 2 3 33 1 2 3

(2 ) (1 ) (1 ) (1 )(1 ) 0 (1 ) 0 (1 )v (0) = C v (l ) + C (v ) (l ) + C (v ) (l ) (7.144 )4 1 4 2 4 34 4 3 2

(2 ) (1 ) (1 ) (1 )0 (1 ) 0 (1 ) 0 (1 )(v ) (0) = C v (l ) + C (v ) (l ) + C (v ) (l ) (7.145 )5 1 5 2 5 33 4 3 2

(2 ) (1 ) (1 ) (1 )0 (1 ) 0 (1 ) 0 (1 )(v ) (0) = C v (l ) + C (v ) (l ) + C (v ) (l ) (7.146 )6 1 6 2 6 32 4 3 2

w h ere th e C 's are con stan ts d eterm in ed fro m th e orien ta tion of th e b ea m s. W e h aveij

sh ow n th at

(1 ) (1 )jv (l )j · C k B (v )k (7.147 )1 L 2

(1 ) (1 )jv (l )j · C k B (v )k (7.148 )2 L 2

(1 ) (1 )jv (l )j · C k B (v )k (7.149 )3 L 2

(1 ) (1 )jv (l )j · C k B (v )k (7.150 )4 L 2

(1 ) 0 (1 )j(v ) (l )j · C k B (v )k (7.151 )3 L 2

(1 ) 0 (1 )j(v ) (l )j · C k B (v )k (7.152 )2 L 2

w h ere C is a g en eric co n stan t. T h erefore,

(2 )jv (0)j · C k B (v )k (7.153 )1 L 2

(2 )jv (0)j · C k B (v )k (7.154 )2 L 2

(2 )jv (0)j · C k B (v )k (7.155 )3 L 2

(2 )jv (0)j · C k B (v )k (7.156 )4 L 2

(2 ) 0j(v ) (0)j · C k B (v )k (7.157 )3 L 2

(2 ) 0j(v ) (0)j · C k B (v )k : (7.158 )2 L 2

S u b stitu tin g th ese resu lts in to (7 .13 5):::(7.140 ) w e n ow h ave

° °p
(2 ) ° (2 ) °0(2 )jv (x )j · C k B (v )k + l °(v ) ° (7.159 )1 1L 2 L 2° °p
(2 ) (2 )° °0(2 )jv (x )j · C k B (v )k + l °(v ) ° (7.160 )2 2L 2 L 2° °p
(2 ) (2 )° °0(2 )jv (x )j · C k B (v )k + l °(v ) ° (7.161 )3 3L 2 L 2° °p
(2 ) (2 )° °0(2 )jv (x )j · C k B (v )k + l °(v ) ° (7.162 )4 4L 2 L 2° °p

(2 ) ° (2 ) °0 00(2 )j(v ) (x )j · C k B (v )k + l °(v ) ° (7.163 )3 3L 2 L 2° °p
(2 ) (2 )° °0 00(2 )j(v ) (x )j · C k B (v )k + l °(v ) ° : (7.164 )2 2L 2 L 2
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W e k n ow th a t, fro m th e d e¯ n ition o f k B (v )k ,L 2
° °° (2 ) °0°(v ) ° · k B (v )k (7.165 )1 L 2L 2° °

(2 )° °00°(v ) ° · k B (v )k (7.166 )2 L 2L 2° °° (2 ) °00°(v ) ° · k B (v )k (7.167 )3 L 2L 2° °
(2 )° °0°(v ) ° · k B (v )k (7.168 )4 L 2L 2

w h ich m ay b e su b stitu ted in to (7.159 ) :::(7.1 64 ) to g iv e

(2 )jv (x )j · C k B (v )k (7.169 )1 L 2 ° °p
(2 ) ° (2 ) °0(2 )jv (x )j · C k B (v )k + l °(v ) ° (7.170 )2 2L 2 L 2° °p
(2 ) (2 )° °0(2 )jv (x )j · C k B (v )k + l °(v ) ° (7.171 )3 3L 2 L 2

(2 )jv (x )j · C k B (v )k (7.172 )4 L 2

(2 ) 0j(v ) (x )j · C k B (v )k (7.173 )3 L 2

(2 ) 0j(v ) (x )j · C k B (v )k : (7.174 )2 L 2

S in ce
Z Z(2) (2)° ° l l2(2 ) (2 )° ° 2 20 0 2 2 (2 ) 2°(v ) ° = j(v ) (y )j d y · C k B (v )k d y · l C k B (v )k ;2 2 L L2 2L 2 0 0

(2 ) (2 )0 0im p ly in g th at j(v ) (x )j · C k B (v )k w ith a sim ila r resu lt for j(v ) (x )j, w e h ave2 3L 2

(2 )jv (x )j · C k B (v )k (7.175 )1 L 2

(2 )jv (x )j · C k B (v )k (7.176 )2 L 2

(2 )jv (x )j · C k B (v )k (7.177 )3 L 2

(2 )jv (x )j · C k B (v )k (7.178 )4 L 2

(2 ) 0j(v ) (x )j · C k B (v )k (7.179 )3 L 2

(2 ) 0j(v ) (x )j · C k B (v )k : (7.180 )2 L 2

F in a lly, u p on in tegratin g th e ab ove in eq u alities w e h av e,
° °
(2 )° °°v ° · C k B (v )k (7.181 )1 L 2L 2° °° (2 )°°v ° · C k B (v )k (7.182 )2 L 2L 2° °
(2 )° °°v ° · C k B (v )k (7.183 )3 L 2L 2° °° (2 )°°v ° · C k B (v )k (7.184 )4 L 2L 2° °

(2 )° °0°(v ) ° · C k B (v )k (7.185 )3 L 2L 2° °
(2 )° °0°(v ) ° · C k B (v )k : (7.186 )2 L 2L 2
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F or each b ea m w e h av e
° ° ° ° ° ° ° ° ° °2 2 2 22° ° ° (k )° ° (k )° ° (k )° ° (k )° 2(k )°v ° = °v ° + °v ° + °v ° + °v ° · C kB (v )k (7.187 )1 2 3 4 L 2L L L L L2 2 2 2 2

so th at, for th e fra m e,

° ° ° °2 2° ° ° °2 2(1 ) (2 )k v k = °v ° + °v ° · C k B (v )k : (7.188 )L L2 2L L2 2

T h a t p roves (7 .9 1) fo r th e p articu lar fra m e. F or an y rig id -jo in ted fram e, p rov id ed a t
lea st on e p oin t is clam p ed an y w h ere in th e fram e, th e sam e a rgu m en t m ay b e u sed to
sh ow th at th ere ex ists a co n stan t C su ch th at

(k )jv (x )j · C k B (v )k : (7.189 )j L 2

for k = 1 :::n b a n d j = 1 :::4 . H en ce (7.91) h old s fo r an y rig id -join ted fra m e. 2

7 .2 .1 0 B o u n d s fo r u in th e L n o r m2

W e seek b ou n d s for th e L n orm of u an d its d erivatives in term s of th e loa d v ector f2

an d th e th erm a l loa d vector Q . F rom (7.81 ) w ith v = u w e h ave

2k u k · kf k k u k + k Q k k B (u )k : (7.190 )L L L L2 2 2 2

U sin g (7.88 ) an d (7.91) w e th en h ave

2
C k B (u )k · C k f k k B (u )k + k Q k k B (u )k (7.191 )1 L L L L L2 2 2 2 2

so th at

C 1k B (u )k · k f k + k Q k ; (7.192 )L L L2 2 2C C1 1
2C Ck u k · k f k + k Q k : (7.193 )L L L2 2 2C C1 1

7 .3 F in ite e le m e n t a p p r o x im a tio n s

7 .3 .1 D e ¯ n itio n

L et V = V − V − V − V b e a ¯ n ite d im en sion a l su b sp a ce o f H . T h e ¯ n ite elem en t1 2 3 4

so lu tion , u 2 V , satis¯ esh

a (u ;v ) = (f ;v ) + (Q ;B (v )) (7.194 )h
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for a ll v 2 V . T h e error in th e ¯ n ite elem en t so lu tion is d e¯ n ed a s

e = u ¡ u (7.195 )h

or, b ea m b y b ea m , a s
(k )(k ) (k )e = u ¡ u : (7.196 )h

In th e n ex t section th is w ill b e a n aly sed in b oth th e en erg y n orm an d th e L n o rm .2

T h e n o rm s are evalu ated b y su m m in g th e in teg rals ov er ea ch elem en t o f a b ea m . L et
(k ) (k ) (k ) (k ) (k ) (k )a (w ;v ) , k w k , (w ;v ) an d k w k d en ote th e con trib u tio n o f th e− − − L (− )i i i 2 i

(k ) (k ) (k ) (k ) (k ) (k )i'th elem en t to a (w ;v ), k w k , (w ;v ) a n d k w k . T h en , if n e(k ) is th eL 2

n u m b er o f elem en ts in th e k 'th b ea m ,

n e(k )X
(k ) (k ) (k )(k )a(w ;v ) = a (w ;v ) (7.197 )− i

i= 1

n e(k )X
(k ) 2 (k ) 2k w k = k w k (7.198 )− i

i= 1

n e(k )X
(k ) (k ) (k ) (k )(w ;v ) = (w ;v ) (7.199 )− i

i= 1

n e(k )X
(k ) 2 (k ) 2k w k = k w k (7.200 )L L (− )2 2 i

i= 1

w h ere

x iZ
(k ) (k ) (k ) T (k ) (k )a(w ;v ) = B (w ) D B (v ) d x (7.201 )− i

x i¡ 1

x iZ
(k )(k ) 2 (k ) T (k )k w k = B (w ) D B (w ) d x (7.202 )− i

x i¡ 1

x iZ
(k ) (k ) T (k )(k )(w ;v ) = (w ) v d x (7.203 )− i

x i¡ 1

x iZ
(k ) 2 (k ) T (k )k w k = (w ) w d x : (7.204 )L (− )2 i

x i¡ 1

7 .3 .2 Im p le m e n ta tio n

U sin g lin e a r a n d c u b ic a p p ro x im a tio n s

E a ch b eam elem en t is m a p p ed o n to th e stan d a rd elem en t in th e in terval (0 ;h ) w h ere
(k )

h is th e elem en t len g th . T h e v ecto r u , ov er th e i'th elem en t, ta kes th e lo cal elem en th

form
(k ) (k ;i)u = N U (7.205 )h
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w h ere th e lo cal b a sis fu n ction m a trix N h as th e form
0 1

N 0 0 0 0 0 N 0 0 0 0 01 2
B C0 N 0 0 0 N 0 N 0 0 0 NB C3 5 4 6

N = B C (7.206 )@ A0 0 N 0 ¡ N 0 0 0 N 0 ¡ N 03 5 4 6

0 0 0 N 0 0 0 0 0 N 0 01 2

an d th e b asis fu n ction s are

x
N = 1 ¡ ; (7.207 )1

h
x

N = ; (7.208 )2
h
µ ¶ µ ¶2x 2x

N = 1 ¡ 1 + ; (7.209 )3
h h

µ ¶2x 2x
N = 3 ¡ ; (7.210 )4 2 hh

µ ¶2x
N = x 1 ¡ ; (7.211 )5

h
µ ¶2x x

N = ¡ 1 ¡ : (7.212 )6
h h

(k ;i) (k ;i) (k ;i)
T h e d eg rees of freed om U , U an d U are th e d isp la cem en ts at x = 0 an d1 2 3
(k ;i) (k ;i) (k ;i)

U , U a n d U a re th e rota tion s at x = 0 (th e n eg ativ e sign s in co lu m n 5 an d4 5 6
(k ;i) (k ;i)011 are b eca u se µ = ¡ u ). S im ilarly, U to U a re th e d isp la cem en ts an d rotation s2 7 1 23

at x = h . T h e d erivation o f a glob a l sy stem o f eq u atio n s p ro ceed s in a sim ila r fash io n
to th at d erived in C h ap ter 3 resu ltin g in a lo ca l sti® n ess m atrix K a n d a lo cal forcei

vector F . A n ad d itio n al con sid eration h ere is th e o rien tation o f th e b ea m elem en t w ithi

resp ect to th a t o f oth er elem en ts in th e fram e. T o m ain ta in th e p h y sica l m ea n in g o f
th e d eg rees o f freed om at th e join ts an d en su re con tin u ity it is n ecessa ry to rotate th e
lo cal d eg rees of freed o m a t th e join ts in to a glob a l orien ta tio n . In term s of th e b eam

(k ) (k ;i)rota tio n m atrix R th e lo cal d egree of freed o m vecto r, U , m ap s to th e g lo b al

d egree of freed om vector, U , b y th e relation

0 1 0 1(k )R 0 0 0 ¢¢¢ I 0 ¢¢¢ 0 0 ¢¢¢
(k )B C B C0 R 0 0 ¢¢¢ 0 I ¢¢¢ 0 0 ¢¢¢B C B C(k ;i)B C U = B C U (7.213 )(k )@ A @ A0 0 R 0 ¢¢¢ 0 0 ¢¢¢ I 0 ¢¢¢

(k )
0 0 0 R ¢¢¢ 0 0 ¢¢¢ 0 I ¢¢¢

w h ere th e p o sition of th e I 's co rresp on d s to n o d es of th e i'th elem en t (th e oth er
elem en ts, in d icated b y th e ¢¢¢, are 3 £ 3 zero m a trices). H en ce th e lo cal sti® n ess

(k ) T~m atrix K is p o stm u ltip lied b y th e m atrix (R ) w h erei

0 1(k )R 0 0 0
(k )B C

(k ) 0 R 0 0B C~R = B C :(k )@ A0 0 R 0
(k )

0 0 0 R
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T o assem b le th e elem en t m atrices an d elem en t force vecto rs p ro p erly it is a lso n ecessary
(k )~to p rem u ltip ly th e lo cal sti® n ess m a trix a n d th e lo cal fo rce v ector b y R ; i.e. th e

(k ) (k ) T~ ~elem en t m atrices th at a re assem b led are R K (R ) .i

U sin g h ig h e r-o rd e r p o ly n o m ia ls

T h e an a ly sis in C h ap ter 3 illu strated h ow th e a ccu ra cy of th e ¯ n ite elem en t m eth o d
rela tes to th e d egree of p oly n o m ial u sed to rep resen t th e ¯ n ite elem en t sp ace. A n aly sis
in th e n ex t sectio n con ¯ rm s th is fo r ¯ n ite elem en t fra m es. It also estab lish es som e
oth er resu lts th at d ep en d on u sin g at lea st q u ad ra tic ap p rox im ation s fo r V an d V .1 4

W e co n sid er h ere su ch im p lem en ta tion s. T h ree cases are d etailed u sin g cu b ic, q u a rtic
an d q u in tic a p p rox im ation s for V an d V .2 3

U sin g q u a d ra tic a n d c u b ic a p p ro x im a tio n s

T h e d egree o f p o ly n om ial is in creased in V a n d V b y ad d in g a n o d e in th e cen tre o f1 4
(k ;i)each elem en t an d in creasin g th e lo ca l d eg rees of freed om b y 2. H en ce U h a s 1 4 co m -

(k ;i)p o n en ts an d , w ith th e 5 th a n d 6th co m p on en ts o f U rep resen tin g th e co m p ressio n
an d tw istin g at th e cen tra l n o d e, N h a s th e fo rm

0 1
N 0 0 0 0 0 N 0 N 0 0 0 0 01 7 2

0 N 0 0 0 N 0 0 0 N 0 0 0 N3 5 4 6@ AN = : (7.214 )0 0 N 0 ¡N 0 0 0 0 0 N 0 ¡ N 03 5 4 6

0 0 0 N 0 0 0 N 0 0 0 N 0 01 7 2

T h e n ew q u a d ratic b asis fu n ction s are

1
N (x ) = (2 x ¡ h )(x ¡ h ); (7.215 )1 2h

1
N (x ) = (2 x ¡ h )x ; (7.216 )2 2h

1
N (x ) = ¡ 4x (x ¡ h ): (7.217 )7 2h

(k ;i)T h e lo ca l d eg ree o f freed om v ector, U , is rela ted to th e g lo b al vector, U , b y
0 1 0 1(k )R 0 z z 0 0 ¢¢¢ I 0 ¢ z z ¢ 0 0 ¢¢¢

(k )B C B C0 R z z 0 0 ¢¢¢ 0 I ¢ z z ¢ 0 0 ¢¢¢B C B CB C B CT T T T T T T Tz z 1 0 z z ¢¢¢ z z ¢ 1 0 ¢ z z ¢¢¢B C B C(k ;i)B C U = B C UT T T T T T T TB C B Cz z 0 1 z z ¢¢¢ z z ¢ 0 1 ¢ z z ¢¢¢B C B C(k )@ A @ A0 0 z z R 0 ¢¢¢ 0 0 ¢ z z ¢ I 0 ¢¢¢
(k )0 0 z z 0 R ¢¢¢ 0 0 ¢ z z ¢ 0 I ¢¢¢

(7.218 )

w h ere z is a 3 £ 1 zero vector. In th is im p lem en ta tion th e d egrees of freed o m stored
in U th at rep resen t th e co m p ression a n d tw istin g at th e cen tral n o d e are w ith resp ect
to th e lo ca l o rien tation o f th e b eam an d h ave n o p h y sica l in terp reta tion in th e g lo b al
fram e.
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U sin g q u a d ra tic a n d q u a rtic a p p ro x im a tio n s

In creasin g th e d egrees of freed om p er elem en t to 16 , w ith th e ex tra 2 rep resen tin g th e
b en d in g at th e cen tra l n o d e, th e m a trix N h as th e form

0 1
N 0 0 0 0 0 N 0 0 0 N 0 0 0 0 01 7 2

0 N 0 0 0 N 0 N 0 0 0 N 0 0 0 N3 5 8 4 6@ AN = (7.219 )0 0 N 0 ¡ N 0 0 0 N 0 0 0 N 0 ¡ N 03 5 8 4 6

0 0 0 N 0 0 0 0 0 N 0 0 0 N 0 01 7 2

an d th e n ew q u artic b asis fu n ction s are

1 2N (x ) = ¡ (x ¡ h ) (2x ¡ h )(4x + h ); (7.220 )3 4h
1 2N (x ) = ¡ x (2x ¡ h )(4x ¡ 5h ); (7.221 )4 4h
1 2N (x ) = ¡ x (2 x ¡ h )(x ¡ h ) ; (7.222 )5 3h

1 2N (x ) = x (2 x ¡ h )(x ¡ h ); (7.223 )6 3h
1 2 2N (x ) = 16 x (x ¡ h ) : (7.224 )8 4h

(k ;i)T h e lo ca l d eg ree o f freed om v ector, U , is rela ted to th e g lo b al vector, U , b y

0 1 0 1(k )R 0 0 z 0 0 ¢ I 0 ¢ 0 z ¢ 0 0 ¢
(k )B C B C0 R 0 z 0 0 ¢ 0 I ¢ 0 z ¢ 0 0 ¢B C B CB C B CT T0 0 I z 0 0 ¢ 0 0 ¢ I z ¢ z z ¢B C B C(k ;i)B C U = B C U :T T T T T T T T T TB C B Cz z z 1 z z ¢ z z ¢ z 1 ¢ z z ¢B C B C(k )@ A @ A0 0 z z R 0 ¢ 0 0 ¢ 0 z ¢ I 0 ¢

(k )0 0 z z 0 R ¢ 0 0 ¢ 0 z ¢ 0 I ¢
(7.225 )

In th is im p lem en tation a ll d isp lacem en ts are rep resen ted b y d egrees of freed om a t th e
cen tral n o d e so it w ou ld b e p ra ctical to rota te th ese on to th e g lo b al orien ta tion of th e

(k )fram e. H en ce, b y rep lacin g th e I in th e left h an d sid e w ith R , th e glob a l v ector U

sto res all d isp lacem en ts in term s of th e g lo b al co ord in ate sy stem .

U sin g q u a d ra tic a n d q u in tic a p p ro x im a tio n s

In creasin g th e d egrees of freed om to 18 p er elem en t N h as th e fo rm
0 1

N 0 0 0 0 0 N 0 0 0 0 0 N 0 0 0 0 01 7 2

0 N 0 0 0 N 0 N 0 0 0 N 0 N 0 0 0 N3 5 8 9 4 6@ AN = 0 0 N 0 ¡ N 0 0 0 N 0 ¡ N 0 0 0 N 0 ¡ N 03 5 8 9 4 6

0 0 0 N 0 0 0 0 0 N 0 0 0 0 0 N 0 01 7 2

(7.226 )

w h ere th e n ew q u in tic b asis fu n ction s are

1 2 2N (x ) = (2 x ¡ h ) (x ¡ h ) (6 x + h ); (7.227 )3 5h
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1 2 2N (x ) = ¡ x (2 x ¡ h ) (6 x ¡ 7 h ); (7.228 )4 5h
1 2 2N (x ) = x (2x ¡ h ) (x ¡ h ) ; (7.229 )5 4h
1 2 2N (x ) = x (2x ¡ h ) (x ¡ h ); (7.230 )6 4h
1 2 2N (x ) = 1 6x (x ¡ h ) ; (7.231 )8 4h
1 2 2N (x ) = 8 x (2 x ¡ h )(x ¡ h ) : (7.232 )9 4h

(k ;i)T h e lo ca l d eg ree o f freed om v ector, U , is rela ted to th e g lo b al vector, U , b y

0 1 0 1(k )
R 0 0 0 0 0 ¢¢¢ I 0 ¢ 0 0 ¢ 0 0 ¢¢¢

B C B C(k )
0 R 0 0 0 0 ¢¢¢ 0 I ¢ 0 0 ¢ 0 0 ¢¢¢B C B CB C B CB C B C0 0 I 0 0 0 ¢¢¢ 0 0 ¢ I 0 ¢ 0 0 ¢¢¢(k ;i)B C B CU = U :B C B C0 0 0 I 0 0 ¢¢¢ 0 0 ¢ 0 I ¢ 0 0 ¢¢¢B C B CB C B C(k )@ A @ A0 0 0 0 R 0 ¢¢¢ 0 0 ¢ 0 0 ¢ I 0 ¢¢¢

(k )
0 0 0 0 0 R ¢¢¢ 0 0 ¢ 0 0 ¢ 0 I ¢¢¢

(7.233 )

In th is im p lem en tation all d isp lacem en ts an d ro ta tio n s are rep resen ted b y d egrees o f
freed o m a t th e cen tra l n o d e an d it w ou ld b e p ractica l to m ap th ese o n to th e g lo b al

(k )orien ta tio n of th e fram e. H en ce, b y rep lacin g th e I 's in th e left h a n d sid e w ith R 's,
th e g lo b al vecto r U stores all d egrees of freed om in term s o f th e glob a l co ord in ate
sy stem .

7 .3 .3 A n o te a b o u t so lv in g th e sy ste m

F or on e d im en sio n p ro b lem s, a d irect m eth o d su ch as C h o lesk y d ecom p o sition is m ost
e± cien t if th e n o d es can b e n u m b ered so as to give a sm a ll b an d w id th o f th e m atrix
[28]. T h is is certain ly tru e for a sin gle b eam o r th e fram e in F igu re 7 .5 w h ere th e n o d es
cou ld b e n u m b ered co n secu tiv ely. T h e C h o lesk y m eth o d m ay o n ly b e im p lem en ted if

th e fu ll b a n d w id th of th e m atrix is stored sin ce th e d eco m p osition req u ires th e stora ge
of m atrix elem en ts b etw een th e d iago n al an d th e ou ter b eam w h ich m ay in clu d e en tries
ou tsid e of th e com p ressed m a trix stru ctu re. F or a m ore co m p lica ted fram e, w h ere m ore
th an tw o b ea m s m eet at a jo in t, th e C h olesk y m eth o d can n o t b e u sed w ith com p ressed
row sto rag e o n th e fu ll fra m e m atrix . If a d irect so lv er w a s to b e u sed th en th e sy stem

w ou ld n eed to b e d eco m p osed in to d irect so lva b le su b sy stem s, ty p ica lly on e p er b eam ,
in v olv in g d eg rees o f freed o m a t in tern al n o d es th en cou p led b y solv in g a n oth er sy stem
in th e d egrees of freed om a t th e jo in ts. T h is is d i± cu lt to set u p in a com p u ter
p rog ram . H ow ever, a p a rtia l C h olesk y d eco m p osition m ay b e u sed a s a p recon d ition er
to th e C o n ju ga te G rad ien t m eth o d [28 ] w h ich is ea sy to im p lem en t. If th e n o d es are

n u m b ered con secu tively a lon g each b eam , th en th e p artia l C h olesk y p recon d ition er
n ota b ly red u ces th e n u m b er of itera tio n s in th e C o n ju ga te G rad ien t a lg orith m .
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7 .4 A p rio ri e r r o r e stim a te s

7 .4 .1 E n e rg y n o r m e stim a te

W ith ou t actu ally calcu la tin g u th ere a re so m e b a sic resu lts th at ca n b e d ed u ced a b o u th

th e th e error, e . F irstly, sin ce

a (u ;v ) = (f ;v ) + (Q ;B (v )) (7.234 )

a (u ;v ) = (f ;v ) + (Q ;B (v )) (7.235 )h

for a ll v 2 V , w e h av e th e orth og on a lity rela tio n ,

a (e ;v ) = 0: (7.236 )

T h is m ean s th at w e can w rite

2ke k = a (e ;e ) = a (e ;u ¡ v ) (7.237 )

for a n y v 2 V . A p p ly in g th e C au ch y S ch w a rz in eq u ality an d d iv id in g b y k e k g iv es u s

k e k · k u ¡ v k : (7.238 )

In p articu lar w e m ay ch o o se v to b e th e in terp o lan t to u in V . L et u s d en ote th e
in terp o la n t b y ¦ u . H en ce w e h ave th e fa m iliar resu lt

k e k · k u ¡ ¦ u k (7.239 )

w h ich m ean s ke k b eh av es n o w o rse th an th e en ergy n orm of th e in terp olation error.
U sin g (7.88 ) w e h ave, in term s o f th e L n o rm ,2

k e k · C k B (u ¡ ¦ u )k : (7.240 )L 2

U sin g th e P ean o kern el th eorem [26] it w a s sh ow n in C h ap ter 2 th at, fo r a fu n ctio n
f (x ) in terp olated b y a p iecew ise p o ly n o m ial of d eg ree p , d en o ted b y ¦ f (x ),p

° °
n° °³ ´d° ° p + 1¡n (p + 1 )° f (x ) ¡ ¦ f (x ) ° · C h k f k (7.241 )p L 2n° °d x

L 2

w h ere C is a g en eric co n sta n t an d h is th e m ax im u m elem en t len g th . T h is h o ld s
(p + 1¡ n )p rov id ed f ex ists w ith in ea ch elem en t. T h is is certa in ly tru e of u h en ce w e ca n

ex p ress kB (u ¡ ¦ u )k in term s o f h . L et p d en ote th e ord er of p o ly n o m ials in V1 1L 2

an d V a n d let p d en o te th e ord er o f p o ly n om ials in V an d V . T h en , u sin g (7.24 1),4 2 2 3

w e h ave

0 p 001k (u ¡ ¦ u ) k · C h k u k (7.242 )1 p 11 1 LL 22

00 p ¡ 1 00002k (u ¡ ¦ u ) k · C h k u k (7.243 )2 p 22 2 LL 22

00 p ¡ 1 00002k (u ¡ ¦ u ) k · C h k u k (7.244 )3 p 32 3 LL 22

0 p 001k (u ¡ ¦ u ) k · C h k u k : (7.245 )4 p 41 4 LL 22
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H en ce, to lea d in g ord er o f h ,

tkB (u ¡ ¦ u )k · C h (7.246 )L 2

w h ere
t = m in f p ; p ¡ 1g (7.247 )1 2

so th at
tk ek · C h : (7.248 )

7 .4 .2 L n o rm e stim a te2

U sin g th e N itsch e tech n iq u e [1 3] w e m ay u se (7.246 ) to ob ta in an asy m p totic estim ate
of th e erro r in th e L n orm . T h e trick is to let Á 2 H sa tisfy2

(k ) (k ) (k )L (Á ) = e (7.249 )0

(k ) (k ) (k )w h ere L is d e¯ n ed a s th e v ector op era to r eq u iva len t to L w ith Q = 0 . T h en ,0

n bX (k )2 (k ) (k )k e k = (L (Á );e ) (7.250 )0L 2
k = 1

n bX
(k ) (k )= a (Á ;e ) (7.251 )

k = 1

n bX
(k ) (k ) (k )= a (Á ¡ v ;e ) (7.252 )

k = 1

n b ° °° °X ° °° °(k ) (k ) (k )· °Á ¡ v °°e ° (7.253 )
k = 1

n b ° ° ° °X ° ° ° °(k ) (k ) (k )· C °B (Á ¡ v )° °e ° (7.254 )
L 2

k = 1

· C k B (Á ¡ v )k k e k (7.255 )L 2

for a n y v 2 V . H en ce, b y eq u ation (7 .2 46 ),

2 tke k · C h k B (Á ¡ v )k : (7.256 )L L2 2

N ow

2 2 2 22 0 00 00 0k B (Á ¡ v )k = k (Á ¡ v ) k + k (Á ¡ v ) k + k (Á ¡ v ) k + k (Á ¡ v ) k :1 1 2 2 3 3 4 4L L L L L2 2 2 2 2

(7.257 )

S in ce, w ith in an elem en t, v an d v m u st b e at lea st lin ear an d v an d v m u st b e a t1 4 2 3

lea st cu b ic w e ca n ch o ose v an d v to b e th e lin ear in terp ola n ts to Á an d Á an d1 4 1 4
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ch o o se v an d v to b e th e H erm ite cu b ic in terp olan ts to Á an d Á . W ith th ese ch o ices2 3 2 3

w e h ave, from (2.40 ), th e fo llow in g b ou n d s

0 00k (Á ¡ ¦ Á ) k · C h k Á k (7.258 )1 1 1 L L2 1 2

00 000k (Á ¡ ¦ Á ) k · C h k Á k (7.259 )2 3 2 L L2 2 2

00 000k (Á ¡ ¦ Á ) k · C h k Á k (7.260 )3 3 3 L L2 3 2

0 00k (Á ¡ ¦ Á ) k · C h k Á k : (7.261 )4 1 4 L L2 4 2

T h ese w ill b e u sed to d ed u ce th e error estim ate for th e gen eral case. F o r th e sp ecial

case o f p u re b en d in g w e w ill u se th e h ig h er ord er b ou n d s

00 2 0000k (Á ¡ ¦ Á ) k · C h k Á k (7.262 )2 3 2 L L2 2 2

00 2 0000k (Á ¡ ¦ Á ) k · C h k Á k : (7.263 )3 3 3 L L2 23

W e w ill sh ow th at, for th e gen era l ca se,

00k Á k · C k e k (7.264 )1 L L2 2

000k Á k · C k e k (7.265 )2 L L2 2

000k Á k · C k e k (7.266 )3 L L2 2

00k Á k · C k e k (7.267 )4 L L2 2

so th at

k B (Á ¡ v )k · C h k e k : (7.268 )L L2 2

T h en , b y eq u a tion (7.256 ),
t+ 1k e k · C h : (7.269 )L 2

F or th e sp ecial case o f p u re b en d in g w h ere Á = Á = 0 w e w ill sh ow th a t1 4

0000k Á k · C k e k (7.270 )2 L L2 2

0000k Á k · C k e k (7.271 )3 L L2 2

so th at
p + 12k e k · C h : (7.272 )L 2

~In ord er to sh ow (7.264 ) to (7.267 ) w e d e¯ n e th e fu n ction Á to b e su ch th at

~B (Á ) = D B (Á ): (7.273 )

T h en 0 1 0 100~¡ Á e 11
0000B C B C~Á eB C B C22B C = B C : (7.274 )0000~@ Á A @ Ae 33
00~ e¡ Á 44
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Im m ed ia tely w e h ave
° °° °00~°Á ° · k e k (7.275 )1 L 2L 2° °° °0000~°Á ° · k e k (7.276 )2 L 2L 2° °° °0000~°Á ° · k e k (7.277 )3 L 2L 2° °° °00~°Á ° · k e k (7.278 )4 L 2L 2

an d , b y (7.27 3),

0~jÁ j · C k e k (7.279 )1 L 2

00~jÁ j · C k e k (7.280 )2 L 2

00~jÁ j · C k e k (7.281 )3 L 2

0~jÁ j · C k e k : (7.282 )4 L 2

F rom (7.27 4), (7.28 0) a n d (7.28 1) it follow s th a t

000~jÁ j · C k e k (7.283 )2 L 2

000~jÁ j · C k e k (7.284 )3 L 2

000~sin ce, for Á ,2
0000~Á (x ) = e (7.285 )22

xZ
000 000~ ~Á (x ) = Á (0) + e (y ) d y (7.286 )22 2

0
yxZ Z

00 00 000~ ~ ~Á (x ) = Á (0 ) + Á (0 )x + e (z ) d z d y : (7.287 )22 2 2

0 0

P u ttin g x = l in to (7.2 87 ) gives u s

00 00~ ~jÁ (0 )j + jÁ (l)j000 2 2~jÁ (0 )j · + k e k (7.288 )22 L 2l
· C k e k (7.289 )L 2

th en , fro m (7.286 ),

000 000~ ~jÁ (x )j · jÁ (0 )j + k e k · C k e k : (7.290 )22 2 L L2 2

~T h is im p lies (7 .28 3). A n id en tica l a rgu m en t for Á lead s to (7.284 ). U sin g (7.27 3) w ith3

th e k n ow led g e th at D is n o n -sin gu lar w e can w rite

0 0 00 00~ ~ ~Á = a Á + a Á + a Á (7.291 )1 1 1 2 1 31 1 2 3
00 0 00 00~ ~ ~Á = a Á + a Á + a Á (7.292 )1 2 2 2 2 32 1 2 3
00 0 00 00~ ~ ~Á = a Á + a Á + a Á (7.293 )1 3 2 3 3 33 1 2 3
0 0~Á = a Á : (7.294 )4 44 4
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D i® eren tiatin g (7 .2 94 ) gives u s

00 00 0 0~ ~Á = a Á + a Á (7.295 )4 44 4 4 4 4

0so th at, assu m in g a a n d a a re b ou n d ed ,4 4 4 4

00 00 0~ ~jÁ j · C jÁ j + C jÁ j (7.296 )4 4 4° ° ° °° ° ° °00 0~ ~· C °Á ° + C °Á ° (7.297 )4 4L L2 2° °° °~· C k e k + C °B (Á )° (7.298 )L 2 L 2

· C k e k + C k B (Á )k (7.299 )L L2 2

· C k e k + C k e k : (7.300 )L L2 2

H en ce, w e h av e
00jÁ j · C k e k (7.301 )4 L 2

from w h ich w e d ed u ce (7.26 7). S im ilarly, on d i® eren tiatin g (7 .29 1), w e h ave

° ° ° ° ° °° ° ° ° ° °00 00 000 000~ ~ ~jÁ j · C °Á ° + C °Á ° + C °Á ° (7.302 )1 1 2 3L L L2 2 2

· C ke k ; (7.303 )L 2

d u e to (7 .2 79 ), (7.2 83 ) an d (7 .2 84), w h ich im p lies (7 .2 67). D i® eren tiatin g (7 .2 92) g iv es
u s

000 00 0 0 000 0 00 000 0 00~ ~ ~ ~ ~ ~Á = a Á + a Á + a Á + a Á + a Á + a Á : (7.304 )1 2 2 2 2 32 1 1 2 1 2 2 2 2 3 2 3 3

U sin g th e p rev io u s resu lts of th is section a n d a ssu m in g th a t th e a 's a n d th eir req u iredij

d eriva tiv es are b ou n d ed w e h av e

000jÁ j · C k e k : (7.305 )2 L 2

000H en ce, a lo n g w ith a sim ilar resu lt for Á , w e d ed u ce (7.2 65 ) an d (7.266 ).3

F or th e sp ecial case o f p u re b en d in g (7.304 ) red u ces to

000 000 0 00 000 0 00~ ~ ~ ~Á = a Á + a Á + a Á + a Á : (7.306 )2 2 2 32 2 2 2 2 3 2 3 3

D i® eren tiatin g (7 .3 06 ) gives u s

0000 0000 0 000 00 00 0000 0 000 00 00~ ~ ~ ~ ~ ~Á = a Á + 2a Á + a Á + a Á + 2 a Á + a Á : (7.307 )2 2 2 32 2 2 2 2 2 2 2 3 2 3 3 2 3 3

~ ~A ll th e Á an d Á term s in (7 .3 07 ) h ave b een sh ow n to b e b o u n d ed in term s of k e k .2 3 L 2

T h erefore, assu m in g th at th e a 's a n d th eir req u ired d eriva tiv es are b ou n d ed , w e m ayij

d ed u ce (7.2 70 ). S im ila rly w e d ed u ce (7 .2 71 ).
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7 .4 .3 P o in tw ise e stim a te s a t c o n n e c tin g n o d e s a n d jo in ts

T h e p oin tw ise estim ates d escrib ed in th is section rely on th e ex isten ce of su itab ly
sm o oth an d b o u n d ed fu n ction s th a t solve p a rticu lar fram e p rob lem s in volv in g th e D irac
d elta fu n ction in th e lo ad . T h ese fu n ction s a re sim ilar in con cep t to G reen 's fu n ction s
(see, for ex am p le, th e b o o k s b y S tak g old [30 ] a n d M eln ik ov [22]) an d so are referred to
as su ch h ere.

(m )
W e con sid er th e p o in tw ise erro r, e (z ), w h ich is th e j'th com p o n en t of th e erro rj

vector in th e m 'th b eam at th e p oin t x = z . W e d e¯ n e glob al G reen 's vecto r fu n ction s
m (m )g (z ;¢), fo r j = 1 :::4 an d z 2 (0 ;l ), su ch th atj

(m ) (m )
e (z ) = a (e ;g (z ;¢)) j = 1 :::4 : (7.308 )j j

(m ;k )
T h ese a re sp ecī ed b ea m -w ise as g su ch th atj

n bX
(m ) (m ;k )(k )e (z ) = a(e ;g (z ;¢)) j = 1 :::4 (7.309 )j j

k = 1

n bX (k ) (m ;k )(k )= (e ;L (g (z ;¢)))L (− )0 j 2 k

k = 1

n b h ³ í(k )X l(k )(k ) (m ;k )+ " (e )P g (z ;¢) j = 1 :::4 (7.310 )
0

k = 1

w h ere
0 0" (v ) = ( v v v v ¡ v v ) ; (7.311 )1 2 3 4 3 2

µ ¶(k )F (v )(k )P (v ) = (7.312 )(k )M (v )

(k )
an d L is th e b ea m d i® eren tia l op erator a ctin g o n th e k 'th b ea m w ith n o th erm al0

(m )load (i.e. Q = 0 ). F o r th e case w h ere z 2 (0;l ) (7.308 ) h o ld s if

½
± (x ¡ z ) ;k = m(k ) (m ;k ) j

L g (z ;x ) = (7.313 )0 j 0 ;k 6= m

w ith rigid join t con d itio n s w h ere ± is a vector w h ose j'th com p o n en t is th e D irac d eltaj

fu n ctio n an d oth er com p on en ts are zero . F o r th e case w h ere z is at a join t, i.e. z = 0
(m )or z = l , (7 .3 08) h old s if

(k ) (m ;k )
L g (z ;¢) = 0 ; k = 1;:::;n b (7.314 )0 j

w ith rig id jo in t con d itio n s at a ll join ts n ot corresp o n d in g to z . A t th e z join t w e req u ire
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th at 0 1
± 1 j

B C±B C2 jÃ ! B C(m ;k )(k ) (k ) (k )X B CR F (g )n ± 3 jj B C= (7.315 )B C(m ;k )(k ) (k ) (k ) ±B 4 j CR M (g )njk2joint B C@ A0
0

w h ere ± is th e K ron eck er d elta fu n ction .ij

(m ;k )
R egard in g th e fo rm of g it is straigh tforw ard to verify th at th ere are 1 2 in d ep en d en tj

so lu tion s to th e h om ogen eou s eq u a tio n (7.31 4) (w h ich corresp o n d s to m 6= k ) so th a t
(m ;k )

g m ay b e ex p ressed asj

1 2X(m ;k ) (m ;k ) (m ;k )
g (z ;x ) = c a (x ) (7.316 )j ij ij

i= 1

(m ;k ) (m ;k )
w h ere th e c 's are co n stan ts (d ep en d in g on z ) an d th e a 's a re 1 2 in d ep en d en tij ij

(m ;m )(m )so lu tion s to (7.314 ). In th e m 'th b eam for th e ca se w h ere 0 < z < l , g m ay b ej

ex p ressed as

( P (m ;m ) (m ;m )1 2 c a (x ); 0 · x < z(m ;m ) i= 1 ij ijg (z ;x ) = (7.317 )Pj (m ;m ) (m ;m )1 2 (m )d a (x ); z < x · lij iji= 1

(m ;k )
w h ere th e d 's are m o re con sta n ts. F or ea ch z all th e co n stan ts on a ll th e b ea m sij

are fo u n d b y ap p ly in g a ll th e b o u n d a ry an d jo in t con d ition s p lu s ju m p con d itio n s a t

x = z w h ich m ay b e fou n d b y d irect in tegra tion of ± (x ¡ z ).j

U sin g (7.30 8) a n d th e o rth ogo n ality resu lt in (7.236 ) w e h ave

(m ) (m )
e (z ) = a (e ;g (z ;¢) ¡ v ); j = 1 :::4 (7.318 )j j

for a n y v 2 V . T h en , u sin g th e C au ch y S ch w a rz in eq u ality,

° °
(m ) ° (m ) °je (z )j · k e k °g (z ;¢) ¡ v °: (7.319 )j j

(m ;k )(k )W e w o u ld lik e to p u t v = ¦ g (z ;¢) so th at w e m ay ap p ly th e in terp olation resu ltj
(m ;k )

to g (z ;¢). W e can o n ly d o th is if g (z ;¢) is su itab ly d i® eren tia b le w ith in an elem en t.j j ° °
(m )° °

T h is is th e case w h en z is a co n n ectin g n o d e. W e m ay th en d ed u ce th a t °g (z ;¢) ¡ v °j

t 2 tis of ord er h . H en ce je (z )j is of o rd er h a t con n ectin g n o d es for j = 1 :::4 .j

If th is co n v erg en ce rate is fa ster th an th e g lob al rate, given b y k e k , th en th e solu tio nL 2

is said to b e su p ercon vergen t a t th ese p oin ts [13 , P age 44 ]. S o, for th e g en eral ca se
t+ 1w h ere k e k is ord er h , th e ¯ n ite elem en t m eth o d is su p ercon vergen t if t > 1.L 2

C o n sid erin g each com p o n en t of e in d iv id u a lly it is p ossib le th at th e seco n d an d th ird
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p + 12com p o n en ts co n verge at th e h igh er (p u re b en d in g) ra te of h . H en ce w e w ou ld n eed
t > 2 to gu aran tee su p ercon v erg en ce for e an d e . H ow ev er, if it h a p p en ed th a t e2 3 1

2 p ¡22an d e w ere zero, th e con verg en ce rate at co n n ectin g n o d es w o u ld b e h a n d k e k4 L 2
p + 12w ou ld b e o rd er h . In th is case w e w o u ld n eed p > 3 fo r su p ercon vergen ce. T o2

gu a ran tee su p ercon v erg en ce in d iv id u a lly fo r a ll com p on en ts o f th e error in all cases w e
n eed p > 2 a n d p > 3.1 2

7 .4 .4 S u p e rc o n v e r g e n t d e r iv a tiv e s

W e con sid er h ere th e d erivatives o f e an d e an d sh ow th at th ese a re su p ercon vergen t2 3

at th e co n n ectin g n o d es w h en t > 1 . W e b eg in b y con sid erin g, fo r th e j = 2 ca se, th e
d eriva tiv e of (7.30 8) w ith resp ect to z in th e form

(k )l(m ) Zn b ³ ³ ´́X@ e @ (m ;k )2 (k ) T (k )= B (e ) S g (z ;x ) d x : (7.320 )2@ z @ z
k = 1 0

T o ju stify rigoro u sly w h y (7 .3 20) is va lid w e w ou ld n eed to con sid er p recisely th e
(m ;m )

p rop erties of g (z ;x ) an d sp ecī cally w e w ou ld n eed to co n sid er a ll th e m ix ed p artial2
(m ;m )(m )d eriva tiv es. W e d o n ot d o th is h ere b u t in stea d ju st n ote th at @ S (g (z ;x ))= @ z ,2

(m )as a fu n ction of x , is con tin u o u s o n th e in terva l (0 ;l ) ex cep t a t x = z w h ere it h as
a ju m p d isco n tin u ity. T h at is th e in tegran d is n ot co n tin u ou s b u t it is still in tegra b le.

If th e evalu atio n p o in t is a co n n ectin g n o d e th en th e in teg ran d is a s̀m o oth ' fu n ctio n
(m ;m )(k )of x w ith in ea ch elem en t. T h is also a p p lies to S (g (z ;x )) a n d so w e h ave, fo r3

m0 < z < l ,

(k )l(m ) Zn b ³ ³ ´́X@ e @j (m ;k )(k ) T (k )= B (e ) S g (z ;x ) d x ; j = 2;3 : (7.321 )j@ z @ z
k = 1 0

F or con v en ien ce, let

@ @(m ) (m ) (m ) (m )
e (z ) = ¡ e (z ); e (z ) = e (z ); (7.322 )5 3 6 2

@ z @ z
@ @(m ;k ) (m ;k ) (m ;k ) (m ;k )

g (z ;x ) = ¡ g (z ;x ); g (z ;x ) = g (z ;x ) (7.323 )5 3 6 2@ z @ z

th en w e m ay w rite ³ ´
(m )

e (z ) = a e ;g (z ;¢) j = 5 ;6: (7.324 )j j

H en ce, in a d d ition to (7 .3 18) w e a lso h av e

(m ) (m )
e (z ) = a (e ;g (z ;¢) ¡ v ); j = 5;6 : (7.325 )j j

(m ;k )
A s in th e j = 1 :::4 case, b y lettin g v (x ) b e th e in terp olan t to g (z ;x ) in th e xj

(m ) (m ) 2 tvariab le, w e arrive at th e con clu sion th at je j an d je j are o rd er h at th e con n ectin g5 6

n o d es.
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T h e an a ly sis in th e n ex t sectio n req u ires th a t, in th e case of t = 2 , th e o rd er o f
4con vergen ce of e a n d e is O (h ) at th e m id -p oin ts a s w ell as a t th e con n ectin g n o d es.5 6

T o sh ow th is let u s co n sid er th e m id -p oin t o f th e m 'th elem en t m a p p ed on to th e in terval
h h[¡ ; ]. A t th e m id -p oin t w e h ave
2 2

n bX(m ) (m ;k )
e (0) = a (e ;g (0 ;¢) ¡ v ); j = 5;6: (7.326 )j j

k = 1

(m ;m )
L et v b e th e lin ear in terp olan t to B (g (0;x )) th enj

h
2Z ³ ´

(m ) T 4e (0 ) = Á (x ) ¡ ¦ Á (x )) D B (e (x )) d x + O (h ) (7.327 )j

h
2

w h ere
(m ;m )

Á (x ) = B (g (0;x )) (7.328 )j

an d Á (x ) is th e lin ea r in terp olan t to Á . N ow ,

Ã Ã !! Ã Ã !!µ ¶ µ ¶
h 1 x h 1 x

Á (x ) ¡ ¦ Á (x ) = Á (x ) ¡ Á ¡ ¡ + Á (x ) ¡ Á +
2 2 h 2 2 h

³ ´8 1 x h> ¡ + J + O (h ); · x < 0< 2 2h
= (7.329 )³ ´>: 1 x h¡ J + O (h ); 0 < x ·2 2h

w h ere
J = Á (0 + ) ¡ Á (0¡ ): (7.330 )

H en ce

h
2 ·µ ¶ ¸Z

1 x T 4e (0) = ¡ J + O (h ) [D (x )B (e (x )) ¡ D (¡ x )B (e (¡ x ))] d x + O (h ):j
2 h

0

(7.331 )

2S in ce k e k is o f ord er h so is B (e (x )) th erefo re th e O (h ) term m ay b e tak en ou tsid e
4th e in tegra l a n d in clu d ed in th e O (h ) term . A lso

D (x ) = D (0) + O (h ) (7.332 )

4an d th is O (h ) term m ay also b e in clu d ed in th e O (h ) term . H en ce w e h av e

h
2 µ ¶Z

1 xT 4e (0 ) = J ¡ D (0 )B (e (x ) ¡ e (¡ x )) d x + O (h ): (7.333 )j
2 h

0
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F rom th e d e¯ n ition of g it follow s th atj

0 1
0

B C¡ 1B C
D (0)J = B C (7.334 )

@ A0
0

so th at
h
2 µ ¶Z

1 xT 0 0 4e (0) = J ¡ (e (x ) ¡ e (¡ x )) d x + O (h ): (7.335 )j j j2 h
0

0 0B y con sid erin g in terp olan ts to e a n d e w e w ish to rep la ce th e e (x ) ¡ e (¡ x ) term2 3 j j
3w ith an ex p ressio n in v olv in g e (0 ) an d o th er term s of ord er n o less th a n h . N otej

th at th e ch o ice of in terp o la tin g p o ly n om ia l is n o t n ecessa rily th e sa m e as th at u sed in
calcu latin g th e ¯ n ite elem en t so lu tion . C o n sid erin g th e H erm ite cu b ic in terp olan t to
e (x ) w e m ay w rite2

Ã ! Ã ! Ã ! Ã !
h h h h0 0 5e (x ) = e ¡ N (x )+ e N (x )+ e ¡ N (x )+ e N (x )+ f (x )+ O (h )2 2 1 2 2 3 42 22 2 2 2

(7.336 )

w h ere th e b asis fu n ction s are
³ ´ ³ ´ ³ ´ ³ ´2 2x 1 x x 1 xN (x ) = 2 ¡ + 1 N (x ) = ¡ 2 + ¡ 11 22 2h h h h (7.337 )³ ´ ³ ´ ³ ´ ³ ´2 2x 1 x 1 x 1 x 1N (x ) = h ¡ + N (x ) = ¡ h + ¡3 42 2 2 2h h h h

an d th e ¯ rst p a rt of th e rem ain d er, f (x ), is

Ã !22x 1
f (x ) = ¡ (7.338 )2 4h

h h0 4 5S in ce e (¡ ) an d e ( ) are ord er h th e N an d N term s m ay b e in clu d ed in th e O (h )2 3 42 2 2

term . H en ce w e m ay w rite
Ã ! Ã !

h h 5e (x ) = e ¡ N (x ) + e N (x ) + f (x ) + O (h ) (7.339 )2 2 1 2 2
2 2

Ã ! Ã !
h h0 0 0 0 4e (x ) = e ¡ N (x ) + e N (x ) + f (x ) + O (h ) (7.340 )2 22 1 22 2

Ã ! Ã !
h h00 00 00 00 3e (x ) = e ¡ N (x ) + e N (x ) + f (x ) + O (h ) (7.341 )2 22 1 22 2

so th at
Ã !

¡ 2 4x h h00 00 00 00 3e (x ) ¡ e (¡ x ) = e ( ) ¡ e (¡ ) + f (x ) ¡ f (¡ x ) + O (h ) (7.342 )2 22 2 3 2 2h
Ã !

3 h h0 0 4e (0 ) = e ( ) ¡ e (¡ ) + f (0 ) + O (h ): (7.343 )2 22 2h 2 2
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0 00 00C o m b in in g (7.342 ) an d (7 .3 43 ) an d o b serv in g th e f (0 ) = 0 an d f (x ) = f (¡ x ) w e
h ave

¡ 1 6x00 00 0 3e (x ) ¡ e (¡ x ) = e (0) + O (h ): (7.344 )2 2 22h

T h e sa m e resu lt m ay b e o b tain ed for e an d so3

¡ 1 6x0 0 3e (x ) ¡ e (¡ x ) = e (0) + O (h ); j = 5;6 : (7.345 )jj j 2h

S u b stitu tin g th is resu lt in to (7.33 5) w e h av e
2 3

h
2 µ ¶Z6 71 6 1 x x 46 7e (0) 1 ¡ ¡ d x = O (h ) (7.346 )j 4 5h 2 h h
0

or
2 4e (0) = O (h ): (7.347 )j
3

4H en ce w e m ay con clu d e th e m id -p oin t erro r is also of o rd er h .

7 .4 .5 Z e ro e rro rs a t c o n n e c tin g n o d e s

If th e ¯ n ite elem en t sp ace V is larg e en o u gh to con tain g (z ;¢), th e error co m p on en t e jj

is zero at th e co n n ectin g n o d es. A s a n ex am p le con sid er th e p lan e sin gle b eam p ro b lem

w h ere th e d i® eren tial op era tor L is given b y

µ ¶00 000¡ u ¡ ® u1 2L (u ) = (7.348 )000 0000® u + u1 2

w h ere ® is co n stan t a n d

0u (0) = u (0 ) = u (0) = 0 (7.349 )1 2 2
0 00u (1 ) + ® u (1) = 0 (7.350 )1 2
0 00® u (1 ) + u (1) = 0 (7.351 )1 2
00 000® u (1) + u (1) = 0 : (7.352 )1 2

T h e v ectors g = (g ;g ), g = (g ;g ) an d g = (g ;g ) satisfy1 1 1 2 2 1 2 2 5 1 5 21 2 5

00 000¡ g (z ;x ) ¡ ® g (z ;x ) = ± (z ;x ) (7.353 )1 1 1 2
000 0000® g (z ;x ) + g (z ;x ) = 0 (7.354 )1 1 1 2

00 000¡ g (z ;x ) ¡ ® g (z ;x ) = 0 (7.355 )2 1 2 2
000 0000® g (z ;x ) + g (z ;x ) = ± (z ;x ) (7.356 )2 1 2 2

0 00g (z ;x ) + ® g (z ;x ) = 0 (7.357 )5 1 5 2
00 000¡ ® g (z ;x ) ¡ g (z ;x ) = ± (z ;x ) (7.358 )5 1 5 2
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0w h ere d en otes d i® eren tiation w ith resp ect to x . A fter in teg ratin g an d a p p ly in g (7.35 0),
(7.35 1) a n d (7.35 2) w e m ay com b in e row s to g iv e u s

2 0(1 ¡ ® )g (z ;x ) = p iecew ise con stan t (7.359 )1 1
2 00(1 ¡ ® )g (z ;x ) = p iecew ise con stan t (7.360 )1 2
2 0(1 ¡ ® )g (z ;x ) = p iecew ise lin ear (7.361 )2 1
2 00(1 ¡ ® )g (z ;x ) = p iecew ise lin ear (7.362 )2 2
2 0(1 ¡ ® )g (z ;x ) = p iecew ise con stan t (7.363 )5 1
2 00(1 ¡ ® )g (z ;x ) = p iecew ise con stan t (7.364 )5 2

w h ere th e ab ove are d iscon tin u o u s a t x = z . If z is a con n ectin g n o d e th en , w ith in a n

elem en t,

g = lin ea r (7.365 )1 1

g = q u a d ratic (7.366 )1 2

g = q u a d ratic (7.367 )2 1

g = cu b ic (7.368 )2 2

g = lin ea r (7.369 )5 1

g = q u a d ratic: (7.370 )5 2

V an d V are m in im ally lin ear a n d cu b ic, resp ectively, an d so g an d g a re rep resen ted1 2 1 5
0ex a ctly in V . H en ce, b y (7.31 8) an d (7.325 ), e a n d e a re zero a t co n n ectin g n o d es.1 2

F u rth erm o re, e is zero at con n ectin g n o d es if V is q u a d ratic.2 1

7 .5 T h e a po sterio ri e r r o r e stim a to r

7 .5 .1 T h e e q u a tio n s sa tis¯ e d b y th e e rro r

F or th e i'th elem en t w e h ave, after in tegra tin g (7.20 1) b y p arts tw ice,

T x ia (u ;v ) = (L (u );v ) + (Q ;B (v )) + [P (u ) " (v )] 8 v 2 H (7.371 )− − − xi i i i¡ 1

T x ia (u ;v ) = (L (u );v ) + (Q ;B (v )) + [P (u ) " (v )] 8 v 2 H(7.372 )h − h − − hi i i x i¡ 1

w h ere
T 0 0"(v ) := ( v v v v ¡ v v ) : (7.373 )1 2 3 4 3 2

S u b tra ctin g (7 .3 72 ) from (7.37 1) g iv es u s

T x ia (e ;v ) = (r ;v ) + [P (e ) " (v )] 8 v 2 H (7.374 )− −i i x i¡ 1

w h ere r is th e resid u al,

r := L (u ) ¡ L (u ) = f ¡ L (u ): (7.375 )h h
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E q u ation (7.37 4) gives u s a m ean s to calcu la te, or at least a p p rox im ate, e sin ce, w ith
su itab le ch oices of v an d an ap p rox im atio n of P (e ), th e rig h t h a n d sid e m ay b e d erived

from u . F u rth erm o re, (7 .3 74 ) p rov id es a co n v en ien t w ay to eva lu a te a (e ;e ) . T h in gsh i

are sim p lī ed if w e ch o ose v su ch th at " (v ) is zero at th e co n n ectin g n o d es. L et
^ ^ ^ ^ ^H = H − H − H − H ½ H b e th e sp ace co n ta in in g a ll su ch fu n ction s. T h en w e h ave1 2 3 4

a (e ;v ) = (r ;v ) 8 v 2 H : (7.376 )− −i i

^W e w ill u se (7.37 6) to ¯ n d an ap p rox im a tio n to e in som e su b sp ace o f H . W e sh a ll
^d en ote th e ap p rox im a tio n b y e . If e is su p ercon vergen t at th e con n ectin g n o d es th en

^^ ^restrictin g e to th e sp ace H w o u ld ap p ea r ju stī ed . O u r aim is to b o u n d k e k in term s
of ke k ; i.e. sh ow th at th e tw o a re eq u ivalen t.

7 .5 .2 S o m e o th e r ¯ n ite e le m e n t sp a c e s

In ou r an a ly sis w e w ill u se oth er ¯ n ite su b sp aces o f H w h ich con tain h igh er a n d p os-
sib ly low er d egree p o ly n o m ials th a n V . L et u s d en ote th ese su b sp aces b y V an d V ,
resp ectiv ely. T h e sp ace V is th e sm a llest ¯ n ite elem en t sp ace fo r solv in g (7.194 ); i.e.

0V an d V are p iecew ise lin ea r w ith C con tin u ity at th e con n ectin g n o d es a n d V1 4 2
1an d V a re p iecew ise cu b ic w ith C co n tin u ity at th e co n n ectin g n o d es. T h e sp ace V3

con tain s th e ¯ n ite elem en t so lu tion , u 2 V , th at sa tis¯ esh

a (u ;v ) = (f ;" (v )) + (Q ;B (v )) (7.377 )h

for a ll v 2 V . S in ce V co n ta in s h ig h er d egree p o ly n om ials th an V th ere ex ists a

¯ (h ) · 1 th a t ten d s to zero w ith h , su ch th at

k u ¡ u k · ¯ (h ) k u ¡ u k : (7.378 )h h

^W e sh all b e seek in g a p p rox im ation s to e in th e sp ace V \ H . L et u s d en ote th is sp ace
b y

^ ^ ^ ^ ^V = V − V − V − V : (7.379 )1 2 3 4

^A n y v 2 V m ay b e w ritten as th e su m o f a v 2 V an d a v 2 V w h ere v is th e1 2 1

in terp o la n t to v th at sa tis¯ es

" (v ¡ v ) = 0 at con n ectin g n o d es (7.380 )1

an d v is th e in terp o la tion erro r.2

7 .5 .3 S tre n g th e n e d C a u ch y -S c h w a rz in e q u a lity

^L et v 2 V an d let v b e th e p ro jection o f v in V su ch th atp

a (v ;w ) = a (v ;w ) (7.381 )p
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for a n y w 2 V . B y th e u su al C a u ch y -S ch w arz in eq u a lity w e h av e th at

pja (v ;w )j · k v k k w k (7.382 )

an d so w e m ay w rite
ja (v ;w )j · ° (v )k v k k w k (7.383 )

w h ere
pk v k

° (v ) := : (7.384 )k v k

H en ce w e h ave th e S tren gth en ed C au ch y -S ch w a rz in eq u a lity th at, fo r a n y w 2 V an d
^v 2 V ,

a (w ;v ) · ° (h )k w k k v k (7.385 )

w h ere ( )
pkv k

° (h ) := su p f ° (v )g = su p : (7.386 )kv k

pW ith in an elem en t w e can ¯ n d a v 2 V su ch th a t

pa (w ;v ) = a (w ;v ) (7.387 )− −i i

pfor a ll w 2 V alth ou gh it is n ot u n iq u e. H ow ever, th e n orm k v k is d e¯ n ed so th a t− i
over th e i'th elem en t w e ca n say th at

ja (u ;v ) j · ° (h ) k u k k v k (7.388 )− ii − −i i

w h ere ( )pk v k − i° (h ) = su p (7.389 )i k v k − i

an d
pk v k − i° (v ) = : (7.390 )i k v k − i

G lob a lly,
X

a (w ;v ) = a (w ;v ) (7.391 )− i
X

· ° (h ) kw k k v k (7.392 )i − −i iX
· ° (h ) k w k k v k (7.393 )m a x − −i i

1 1³ ´ ³ ´X X
2 2 2 2· ° (h ) k w k k v k (7.394 )m a x − −i i

= ° (h ) k w k k v k : (7.395 )m a x

S o (7.385 ) h old s w ith
° (h ) = m ax f ° (h ) g : (7.396 )i
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In eq u ation (7 .3 89) ° (h ) is actu a lly th e sq u a re ro ot of th e la rgest eig en valu e of th ei
¡ 1 p^ ^ ^ ^m atrix K K w h ere, if f N g ;j = 1 :::n ; is a b asis for V ,j

^ ^ ^K = a (N ;N ) ; (7.397 )jk j k − i
p pp^ ^ ^K = a (N ;N ) : (7.398 )−j kjk i

^T h is is p rov en b y w ritin g an y v 2 V a s
nX

^v = c N (7.399 )j j

j= 1

an d u sin g th e eq u ivalen t d e¯ n itio n of ° (h ) ,i
p^° (h ) = su p k v k : (7.400 )i − i

kv k = 1− i

T h e p ro jectio n of v̂ in V is
nX pp ^v = c N (7.401 )j j

j= 1

so th at
p2p T ^k v k = c K c : (7.402 )− i

2pW e w ish to ¯ n d th e su p rem u m of k v k su b ject to th e con strain t− i

2 T ^k v k = c K c = 1: (7.403 )− i

H en ce w e d e¯ n e th e fu n ction J (c ;¹ ) a s
pT T^ ^J (c ;¹ ) = c K c ¡ ¹ (c K c ¡ 1) (7.404 )

w h ere ¹ is a L agra n ge M u ltip lier [11]. W h en J is m ax im ized

@ J
= 0 (7.405 )

@ cj

for j = 1 :::n w h ich lea d s u s to th e eq u a tion
p^ ^(K ¡ ¹ K )c = 0 (7.406 )

or
¡1 p^ ^(K K ¡ ¹ I )c = 0 : (7.407 )

¡1 p^ ^H en ce ¹ is on e of n eig en valu es o f K K . If c is th e corresp on d in g eigen vecto r th en
p 2pT ^ k v kc K c − 2i¹ = = = ° (v ) : (7.408 )i2T ^ k v kc K c − i

2H en ce th e su p rem u m o f ° (v ) is th e la rgest va lu e o f ¹ so th a ti

2° (h ) = m ax ¹ : 2 (7.409 )i
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7 .5 .4 A n in te rm e d ia te e rr o r e stim a to r

In ou r an a ly sis w e w ill m ake u se of th e error estim ator, e 2 V , d e¯ n ed as

e = u ¡ u : (7.410 )h h

T h e ¯ n ite elem en t so lu tion s u a n d u satisfyh h

a (u ;v ) = (f ;" (v )) + (Q ;B (v )) (7.411 )h

a (u ;v ) = (f ;" (v )) + (Q ;B (v )) (7.412 )h

for a ll v 2 V . H en ce
a (e ;v ) = a (u ¡ u ;v ) = 0 (7.413 )h h

for all v in V . F u rth erm o re, T h e tru e so lu tion u an d th e ¯ n ite elem en t solu tion u h

sa tisfy

a (u ;v ) = (f ;" (v )) + (Q ;B (v ) (7.414 )

a (u ;v ) = (f ;" (v )) + (Q ;B (v ) (7.415 )h

for a ll v 2 V . H en ce
a (e ¡ e ;v ) = a (u ¡ u ;v ) = 0 (7.416 )h

for a ll v in V . It follow s from (7.41 6) th a t, sin ce e 2 V , a (e ;e ) = a (e ;e ) so th at

k e k · ke k (7.417 )

an d
2 2 2k e ¡ e k = a (e ;e ) ¡ 2a (e ;e ) + a (e ;e ) = k e k ¡ k e k : (7.418 )

U sin g (7.37 8) a n d (7 .41 7) th is gives u s

1³
2́21 ¡ ¯ (h ) k e k · k e k · k e k: (7.419 )

H en ce w e h ave sh ow n th a t k e k is eq u ivalen t to k e k .

7 .5 .5 A n o th e r in te rm e d ia te e r ro r e stim a to r

S in ce e 2 V w e m ay w rite
e = e + e (7.420 )1 2
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^w h ere e 2 V an d e 2 V . H av in g sh ow n th at k e k is eq u iva len t to k e k w e w ill n ow1 2

sh ow th at k e k is eq u iva len t to ke k . S in ce e 2 V an d V ½ V so th a t e 2 V , w e m ay2 1 1

u se (7 .4 13) w ith v = e . T h is im p lies th at1

a (e ;e ) = a (e ;e ) (7.421 )2

a (e ;e ) = ¡ a (e ;e ): (7.422 )1 2 1 1

F rom (7.42 1) w e h av e th at
k e k · k e k (7.423 )2

an d , fro m (7 .4 22 ), w e h av e

2k e k = a (e + e ;e + e ) (7.424 )1 2 1 2

= a (e ;e ) ¡ a (e ;e ) (7.425 )2 2 1 1

2 2= k e k ¡ k e k : (7.426 )2 1

A lso , fro m (7.422 ), w e h av e, u sin g (7.38 5),

a (e ;e ) = ja (e ;e )j · ° (h )k e k k e k: (7.427 )1 1 1 2 1 2

C o m b in in g th is w ith (7.42 6) w e h av e

1³
2́2k e k ¸ 1 ¡ ° (h ) k e k : (7.428 )2

C o m b in in g (7.42 3) a n d (7.42 8) w e h av e

1³ ¡́
22k e k · k e k · 1 ¡ ° (h ) k e k : (7.429 )2

C o m b in in g (7.42 9) w ith (7 .4 19) gives u s

1 1³ ´ ³ ¡́
2 22 21 ¡ ¯ (h ) k e k · ke k · 1 ¡ ° (h ) k e k : (7.430 )2

7 .5 .6 O u r e rro r e stim a to r

D e ¯ n itio n

S o far w e h ave o n ly con sid ered error estim ato rs w h ich , a lth o u gh com p u tab le, m ay n o t
b e ca lcu lated fro m th e ¯ n ite elem en t solu tio n , u , a lo n e. W e n ow d e¯ n e an estim ato rh

^^th at d ep en d s o n ly on th e resid u al, r , w h ich w as d e¯ n ed in (7 .3 75). L et e 2 V b e a n
ap p rox im a tio n to e su ch th at it sa tis¯ es

a (ê ;v ) = (r ;v ) (7.431 )− −i i

^for a ll v 2 V an d all i. T h en , for th e en ergy n o rm , w e h av e

2^ ^k e k = (r ;e ) : (7.432 )− i− i
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Im p le m e n ta tio n

^W e m ay ca lcu la te e w ith in th e elem en t b y ex p ressin g it a s a lin ear com b in a tion of b a sis
^fu n ctio n vectors fo r V . H en ce it h a s th e fo rm

^ê = N E (7.433 )

^w h ere N is a m a trix w h ose colu m n s a re th e b a sis fu n ction vectors an d E is a vecto r
con tain in g th e d egrees o f freed om . C h o o sin g v in (7.43 1) to b e ea ch b asis fu n ctio n
vector in tu rn w ill give u s a lin ear sy stem in E .

^B efore w e ca n eva lu a te ê w e m u st ch o o se v ectors th at sp a n V . T h e elem en t b a sis
^ ^fu n ctio n s fo r V a n d V m u st b e of th e fo rm1 4

x (x ¡ h )f (x ) (7.434 )

^ ^an d th ose fo r V a n d V m u st b e of th e fo rm2 3

2 2x (x ¡ h ) f (x ) (7.435 )

w h ere f (x ) is an a rb itra ry fu n ctio n of x . It m ak es sen se to ch o o se f (x ) to b e sy m m etric
so let u s tak e f (x ) to b e

Ã !2
h h

f (x ) = 1; x ¡ ; x ¡ ;:::: (7.436 )
2 2

W h ere lin ears an d cu b ics h av e b een u sed in V w e m ay u se q u a d ratics a n d q u artics fo r
^ ^V . T h en , w ith in th e sta n d ard elem en t (0;h ), v 2 V m ay b e w ritten a s

0 1 0 1 0 1^v N 0 0 0 V1 1 1
B C B C B C^v 0 N 0 0 VB C B C B C2 2 2 ^ ^ ^ ^B C = B C B C = N V + N V + N V + N V (7.437 )1 1 2 2 3 3 4 4^@ A @ A @ Av 0 0 N 0 V3 2 3

^v 0 0 0 N V4 1 4

w h ere

N̂ = x (x ¡ h ); (7.438 )1

2 2N̂ = x (x ¡ h ) : (7.439 )2

W h ere q u a d ratics an d cu b ics h ave b een u sed in V w e m ay u se cu b ics an d q u artics fo r
^ ^V . T h en , w ith in th e sta n d ard elem en t (0;h ), v 2 V m ay b e w ritten a s

0 1 0 1^ ^ VN 0 0 0 N 0 11 3
B C B C^ V0 N 0 0 0 0 2B C B C2

v = B C B C (7.440 ).^ .@ A @ A0 0 N 0 0 0 .2
^ ^0 0 0 N 0 N1 3 V 6
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w h ere

N̂ (x ) = x (x ¡ h ); (7.441 )1

2 2N̂ (x ) = x (x ¡ h ) ; (7.442 )2 Ã !
h

N̂ (x ) = x (x ¡ h ) x ¡ : (7.443 )3
2

W h ere q u a d ratics a n d q u artics h av e b een u sed in V w e m ay u se cu b ics an d q u in tics
^ ^for V . T h en , w ith in th e stan d a rd elem en t (0 ;h ), v 2 V m ay b e w ritten as

0 1 0 1^ ^ VN 0 0 0 N 0 0 0 11 3
B C B C^ ^ V0 N 0 0 0 N 0 0 2B C B C2 4

v = B C B C (7.444 ).^ ^ .@ A @ A0 0 N 0 0 0 N 0 .2 4
^ ^0 0 0 N 0 0 0 N V1 3 8

w h ere

N̂ (x ) = x (x ¡ h ); (7.445 )1

2 2N̂ (x ) = x (x ¡ h ) ; (7.446 )2 Ã !
h

N̂ (x ) = x (x ¡ h ) x ¡ ; (7.447 )3
2

Ã !
h2 2N̂ (x ) = x (x ¡ h ) x ¡ : (7.448 )4
2

W h ere q u ad ra tics an d q u in tics h ave b een u sed in V w e m ay u se cu b ics a n d sex tics fo r
^ ^ ^V a lth o u gh q u artics are u sed fo r V an d V in th e n u m erical ex am p les. In th is case,1 4

^w ith in th e stan d ard elem en t (0 ;h ), v 2 V m ay b e w ritten as

0 1 0 1^ ^ ^ VN 0 0 0 N 0 0 0 N 0 0 0 11 3 5
B C B C^ ^ ^ V0 N 0 0 0 N 0 0 0 N 0 0 2B C B C2 4 6

v = B C B C (7.449 ).^ ^ ^ .@ A @ A0 0 N 0 0 0 N 0 0 0 N 0 .2 4 6
^ ^ ^0 0 0 N 0 0 0 N 0 0 0 N1 3 5 V 1 2

w h ere

N̂ (x ) = x (x ¡ h ); (7.450 )1

2 2N̂ (x ) = x (x ¡ h ) ; (7.451 )2 Ã !
h

N̂ (x ) = x (x ¡ h ) x ¡ ; (7.452 )3
2

Ã !
h2 2N̂ (x ) = x (x ¡ h ) x ¡ ; (7.453 )4
2

Ã !2
h

N̂ (x ) = x (x ¡ h ) x ¡ ; (7.454 )5
2

Ã !2
h2 2N̂ (x ) = x (x ¡ h ) x ¡ : (7.455 )6
2
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A n a ly sis

^T h e erro r estim a te, e , is calcu lated on an elem en t b y elem en t b a sis. G lob ally, b eca u se
^" (v ) is zero at th e n o d es, e satis¯ es

a (ê ;v ) = (r ;v ) (7.456 )
2^ ^k e k = (r ;e ) (7.457 )

^for a ll v 2 V . S u b tractin g (7 .4 31) fro m (7.376 ) w e h ave th e o rth ogo n ality rela tio n

a (e ¡ ê ;v ) = 0 (7.458 )− i

^for a ll v 2 V . H en ce w e h ave

^ ^ ^ ^a (e ;e ) = a (e ;e ) · k e k k e k (7.459 )− −i i − −i i

so th at
k ê k · k e k : (7.460 )− −i i

H en ce k ê k is gen erally an u n d erestim a te fo r k e k an d , g lo b ally, k ê k is an u n d eres-− −i i

tim a te fo r k e k . N ow , from (7 .4 58) w e h ave th at

n e n eX X
^ ^a (e ;v ) = a (e ;v ) = a (e ;v ) = a (e ;v ) (7.461 )− −i i

i= 1 i= 1

^for a ll v 2 V . F ro m (7.413 ) w e h ave th a t

a (e ;v ) = a (e ;v ) (7.462 )

for a ll v 2 V . C om b in in g th e tw o resu lts gives u s

^a (e ;v ) = a (e ;v ) (7.463 )

^ ^for a ll v 2 V . S in ce e is in V w e h ave2

^a (e ;e ) = a (e ;e ): (7.464 )2 2

A lso , sin ce e is in V ,1

2 ^k e k = a (e ;e ) + a (e ;e ) = a (e ;e ) = a (e ;e ): (7.465 )1 2 2 2

U sin g th e C a u ch y -S ch w arz in eq u a lity

2k e k = a (ê ;e ) · k ê k k e k: (7.466 )2 2
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S u b stitu tin g fo r k e k u sin g (7.42 8) a n d rearran g in g g ives u s2

1³
2́2 ^1 ¡ ° (h ) k e k · k e k : (7.467 )

C o m b in in g (7.46 7) w ith (7 .4 19) w e h ave

1 1³ ´ ³ ´
2 22 2 ^1 ¡ ¯ (h ) 1 ¡ ° (h ) k e k · k e k · k e k : (7.468 )

^H en ce k e k is eq u ivalen t to k e k . 2

7 .5 .7 C o n siste n c y a n d a sy m p to tic e x a c tn e ss

C o n d itio n s fo r a sy m p to tic e x a c tn e ss

^T h e u sefu ln ess of k e k a s a n a p p rox im ation to k e k d ep en d s o n th e e® ectiv ity in d ex , © ,
w h ich is d e¯ n ed as

k ê k
© = : (7.469 )k e k

T h e estim a tor is said to b e a sy m p to tically ex act if © ten d s to u n ity in th e lim it w h ere

h ten d s to zero [8]. D iv id in g (7 .4 68) b y k e k w e h ave

1 1³ ´ ³ ´
2 22 21 ¡ ¯ (h ) 1 ¡ ° (h ) · © · 1: (7.470 )

H en ce asy m p totic ex actn ess w ill b e gu aran teed if, in ad d ition to ¯ (h ), w e can sh ow

th at ° (h ) ten d s to zero w ith h .

T h e su p e rc o n v e rg e n t c a se

L et u s retu rn to eq u ation (7.426 ) w h ich stated th a t

2 2 2k e k = k e k ¡ k e k : (7.471 )2 1

2
W e m ay w rite k e k a s1

a (e ;e ) = ³ (h ) ke k k e k (7.472 )1 1 1 2

w h ere
k e k1

³ (h ) = (7.473 )k e k2

so th at
12
2k e k = (1 ¡ ³ (h ) ) k e k : (7.474 )2
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H en ce, (7 .4 68 ) b ecom es

1 1³ ´ ³ ´
2 22 2 ^1 ¡ ¯ (h ) 1 ¡ ³ (h ) k e k · k e k · k e k : (7.475 )

N ow e is d e¯ n ed so lely b y th e valu es of e at th e con n ectin g n o d es (i.e. w h ere " (v ) = 01
2 t 0 00^for v 2 V ). H en ce e is ord er h an d th e ¯ rst an d seco n d d erivativ es, e a n d e , are1 1 1

2 t¡ 1 2 t¡ 2 2 t¡2ord er h a n d h . F ro m th is fact alon e B (e ) is o rd er h an d so is k e k. S in ce1 1
tk e k is ord er h it m ay b e con clu d ed th at ³ (h ) ten d s to zero a s h ten d s to zero w h en2

0 0 4t > 2 . F u rth erm ore, w h en t = 2 it h as b een sh ow n th at e an d e a re o rd er h at b o th2 3
0 0 4th e con n ectin g n o d es an d th e m id -p o in ts. It fo llow s th at e an d e are a lso o rd er h2 3

at th ese p o in ts. S in ce (e ) an d (e ) are H erm ite cu b ic in terp o la n ts o f e an d e , th e1 2 1 3 2 3
0 0 0 0d eriva tiv es (e ) an d (e ) are q u a d ratic in terp o la n ts of e an d e a t m id -p o in ts as w ell1 12 3 2 3

4 0 0as a t con n ectin g n o d es. S in ce e a n d e are o rd er h a t th ese p o in ts, (e ) a n d (e )2 3 1 12 3
4 3 0 0are o rd er h every w h ere an d th eir d erivatives are o rd er h , th e sa m e as (e ) an d (e ) .1 11 4

3T h is lea d s to th e con clu sion th a t B (e ) an d k e k a re ord er h fo r t = 2. W ith t = 2,1 1
2k e k is ord er h an d so ³ (h ) ten d s to zero as h ten d s to zero . H en ce, fo r ¯ n ite elem en t2

m eth o d s w h ere t ¸ 2, k ê k is asy m p totica lly ex act.

It is co n clu d ed th at, for a gen eral ¯ n ite elem en t fram e, th e erro r estim a tor is a sy m p -

totically ex act w h en ever q u ad ratics are u sed to rep resen t th e co m p ressio n an d tw istin g
com p o n en ts of th e b ea m s. F o r sp ecial ca ses w h ere e an d e are zero, q u a rtics w ou ld1 4

m in im a lly b e n eed ed to rep resen t th e b en d in g com p o n en ts to gu a ran tee asy m p totic
ex a ctn ess.

T h e n o n -su p e rc o n v e rg e n t c a se

^T h e error estim ator ê = N E is fou n d in th e i'th elem en t b y so lv in g

0 1 0 1 0 1^ ^ ^ ^ ^ ^ ^ ^ ^a (N ;N ) a (N ;N ) a (N ;N ) a (N ;N ) E (r ;N )1 1 − 2 1 − 3 1 − 4 1 − 1 1 −i i i i i
B C B C B C^ ^ ^ ^ ^ ^ ^ ^ ^a (N ;N ) a (N ;N ) a (N ;N ) a (N ;N ) E (r ;N )B C B C B C1 2 − 2 2 − 3 2 − 4 2 − 2 2 −i i i i iB C B C = B C :^ ^ ^ ^ ^ ^ ^ ^ ^@ A @ A @ Aa (N ;N ) a (N ;N ) a (N ;N ) a (N ;N ) E (r ;N )1 3 − 2 3 − 3 3 − 4 3 − 3 3 −i i i i i

^ ^ ^ ^ ^ ^ ^ ^ ^a (N ;N ) a (N ;N ) a (N ;N ) a (N ;N ) E (r ;N )1 4 − 2 4 − 3 4 − 4 4 − 4 4 −i i i i i

(7.476 )

^ ^O b v iou sly, from th e d e¯ n ition of D , w e h ave th a t a (N ;N ) = 0 for j 6= 4 an d , sin cej 4

D is sy m m etric,
^ ^ ^ ^a (N ;N ) = a (N ;N ) (7.477 )j k − k j −i i

00^for a ll j a n d k . A lso w e o b serve th a t N is a L eg en d re p oly n om ia l so th a t2

hZ
00^f (x )N d x = 0 (7.478 )2

0
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^ ^for an y lin ear fu n ction f (x ). H en ce, w h en D is co n sta n t ov er th e elem en t, a (N ;N )j 2 − i
^ ^an d a (N ;N ) a re zero fo r j = 1 a n d 4. H en ce th e vecto r E is fo u n d fromj 3 − i

µ ¶µ ¶ µ ¶^ ^ ^a (N ;N ) 0 E (r ;N )1 1 − 1 1 −i i= (7.479 )^ ^ ^0 a (N ;N ) E (r ;N )4 4 − 4 4 −i iµ ¶µ ¶ µ ¶^ ^ ^ ^ ^a (N ;N ) a (N ;N ) E (r ;N )2 2 − 3 2 − 2 2 −i i i= : (7.480 )^ ^ ^ ^ ^a (N ;N ) a (N ;N ) E (r ;N )2 3 − 3 3 − 3 3 −i i i

S u b stitu tin g E ;:::;E in to eq u a tion (7.43 2) w e evalu ate1 4

2^ ^k e k = (r ;e )− i− i

2 2^ ^(r ;N ) (r ;N )1 4− −i i= +° ° ° °2 2° ° ° °^ ^°N ° °N °1 4
− −i i° ° ° °2 2° ° ° °2 2^ ^ ^ ^(r ;N ) °N ° + (r ;N ) °N °2 3 3 2− −i i− −i i+ ° ° ° °2 2° ° ° ° 2^ ^ ^ ^°N ° °N ° ¡ a (N ;N )2 3 2 3 − i− −i i

^ ^ ^ ^2 (r ;N ) (r ;N ) a (N ;N )2 − 3 − 2 3 −i i i¡ : (7.481 )° ° ° °2 2° ° ° ° 2^ ^ ^ ^°N ° °N ° ¡ a (N ;N )2 3 2 3 − i− −i i

W e w ill n ow w ork ou t th e va lu e of ° (h ) in ord er to d eterm in e w h eth er or n o t w e ca ni

ex p ect th e error estim ator to b e a sy m p to tically ex act. F or w 2 V a n d y 2 V w e
evalu ate a (w ;y ) ov er an elem en t b y w ritin g− i

Z h
Ta (w ;y ) = W A (x ) d x Y (7.482 )− i

0

w h ere 0 10 0 0 00 0 00^ ^ ^N D N N D N N D N 01 1 1 2 1 31 1 1 2 1 2
00 0 00 00 00 00B C^ ^ ^N D N N D N N D N 02 1 2 2 2 3B C3 1 3 2 3 2B C00 0 00 00 00 00^ ^ ^B CN D N N D N N D N 03 1 3 2 3 33 1 3 2 3 2B C

0 0^B C0 0 0 N D N4 41 1B CB C00 0 00 00 00 00^ ^ ^N D N N D N N D N 0B C3 1 3 2 3 35 1 5 2 5 2B C00 0 00 00 00 00^ ^ ^B CN D N N D N N D N 02 1 2 2 2 35 1 5 2 5 2B CA (x ) = (7.483 )B 0 0 0 00 0 00 C^ ^ ^N D N N D N N D N 0B C1 1 1 2 1 32 1 2 2 2 2B C00 0 00 00 00 00^ ^ ^B CN D N N D N N D N 02 1 2 2 2 34 1 4 2 4 2B C
00 0 00 00 00 00B C^ ^ ^N D N N D N N D N 03 1 3 2 3 3B C4 1 4 2 4 2B C0 0^0 0 0 N D NB C4 42 1B C00 0 00 00 00 00^ ^ ^@ AN D N N D N N D N 03 1 3 2 3 36 1 6 2 6 2
00 0 00 00 00 00^ ^ ^N D N N D N N D N 02 1 2 2 2 36 1 6 2 6 2

an d W a n d Y are d eg ree of freed o m v ectors. F or th e ca se w h ere D is con stan t over
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th e elem en t w e m ay u se (7.47 8) to give u s

0 1
0 0 0 0

B C2D 0 0 01 2B CB CB C2D 0 0 01 3B CB C0 0 0 0B CB Ch D 0 0 0B C3 1B CZ h B Ch D 0 0 02 1B CA (x ) d x = : (7.484 )B C0 0 0 00 B CB CB C¡ 2D 0 0 02 1B CB C¡ 2D 0 0 03 1B CB C0 0 0 0B CB C@ Ah D 0 0 03 1

h D 0 0 02 1

F or th e case w h ere D is d iago n al, D a n d D a re b oth zero so th a t a (w ;y ) is alw ay s2 1 3 1 i

zero an d ° (h ) = 0 . If D w a s a fu n ction of x th en ° (h ) w ou ld ten d to zero w ith h .

F or th e gen eral case, w h ere D is n o t d iag on al, w e n eed to u se (7.386 ) to evalu ate ° (h ).
W e see from (7.48 4) th a t

° °° °^ ^ ^a (w ;y ) = a (w ;N V ) · ° (N ) k w k °N V ° (7.485 )− 1 1 − 1 i 1 1i i − i − i

^so th at ° (h ) = ° (N ) . W e ¯ n d th ati 1 i

2 2 3° °2 D D ¡ 2D D D + D D h2 2 1 2 1 3 2 3 3 3° ° 1 3 1 2^°(N ) ° = (7.486 )1 p 2− i 3(D D ¡ D )2 2 3 3 2 3
3° °2 D h1 1° °^°N ° = (7.487 )1

− i 3

so th at, for co n stan t D ,

° °2° °^ 2 2°(N ) °1 p D D ¡ 2D D D + D D2 2 1 2 1 3 2 3 3 3− 1 3 1 22 2i° (h ) = = = ° : (7.488 )° °i i2 2° ° D (D D ¡ D )^ 1 1 2 2 3 3 2 3°N °1
− i

W h en D is n ot con stan t ° (h ) ten d s to ° a s h ten d s to zero . W e con clu d e th a t, in th ei i

lim it a s h ten d s to zero,
1³
2́21 ¡ ° · © · 1 : (7.489 )i

^S in ce ° (h ) d o es n ot ten d to zero w e ca n n ot say w h eth er or n ot k e k is asy m p totica llyi

ex a ct. T h e n u m erica l ex am p les in th e n ex t sectio n sh ow th a t it is n ot.
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7 .6 N u m e r ic a l e x a m p le s

7 .6 .1 T h e c a se o f a sin g le b e a m

U sin g lin e a rs a n d c u b ic s

A b eam o f u n it len gth h av in g th e m ateria l m atrix

0 1
1 0 ® 0

B C0 1 0 0B C
D = B C (7.490 )

@ A® 0 1 0
0 0 0 1

w h ere ¡ 1 < ® < 1 ex p erien ces a loa d o f

0 1
0

B C
f = 0 : (7.491 )@ A

f (x )

T h is is a 2D p rob lem in th e u n k n ow n d isp lacem en ts u an d u w h ich m u st satisfy1 3

d F 1
= 0 (7.492 )

d x
2d M 2¡ = f (7.493 )2d x

w h ere

2d u d u1 3
F = + ® (7.494 )1 2d x d x

2d u d u1 3
M = ¡ ® ¡ (7.495 )2 2d x d x

T h e b eam is rigid ly ¯ x ed at x = 0 a n d free from restra in t a t x = 1 so th a t th e b ou n d ary

con d itio n s a re

0u (0 ) = u (0) = u (0 ) = 0 (7.496 )1 3 3
0F (1 ) = M (1 ) = M (1 ) = 0 : (7.497 )1 2 2

W e w ill con sid er tw o ca ses; f = ¡ 1 a n d f = ¡ x . T h e ¯ rst step to ¯ n d in g th e solu tio n
to th is p rob lem is to in tegrate (7.492 ) an d (7.49 3) an d a p p ly (7.497 ) to give, for f = ¡ 1,

F = 0 (7.498 )1

1 2M = (x ¡ 1) (7.499 )2
2
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an d , fo r f = ¡ x ,

F = 0 (7.500 )1

1 2M = (x ¡ 1) (x + 2): (7.501 )2
6

T h e d isp lacem en ts u an d u a re th en fou n d , for f = ¡ 1 , b y solv in g1 3

2d u d u1 3
+ ® = 0 (7.502 )2d x d x

2d u d u 11 3 2¡ ® ¡ = (x ¡ 1 ) : (7.503 )2d x 2d x

an d ap p ly in g (7.49 6). T h is gives u s

® 2u = x (x ¡ 3x + 3) (7.504 )1 26 (1 ¡ ® )

¡ 1 2 2u = x (x ¡ 4x + 6): (7.505 )3 22 4(1 ¡ ® )

S im ila rly, for f = ¡ x , th e d isp lacem en ts a re fou n d b y so lv in g

2d u d u1 3
+ ® = 0 (7.506 )2d x d x

2d u d u 11 3 2¡ ® ¡ = (x ¡ 1) (x + 2) (7.507 )2d x 6d x

an d ap p ly in g (7.49 6) w h ich gives u s

® 3u = x (x ¡ 6x + 8) (7.508 )1 224(1 ¡ ® )

¡ 1 2 3u = x (x ¡ 10x + 2 0): (7.509 )3 2120 (1 ¡ ® )

S in ce th is is a p lan e p ro b lem w ith u = u = 0 th e resid u a l co m p on en ts r an d r w ill2 4 2 4

b e zero. H en ce, from (7.48 1), w e h ave

2 2^ ^(r ;N ) (r ;N )1 32 − −i ik ê k = + : (7.510 )° ° ° °− 2 2i ° ° ° °^ ^°N ° °N °1 3
− −i i

S in ce D is th e sa m e for ev ery elem en t w e h ave, fro m (7.4 88 ), th a t

2 2 2° (h ) = ° = ® : (7.511 )i

2 2 2T a b le 7.1 sh ow s valu es of k ê k , k e k a n d © u sin g n elem en ts fo r ® = 0:5. T h ey sh ow
2 2th at © ten d s to 1 ¡ ° (h ) w h ich is th e low er b ou n d in (7 .4 70 ). W h en th e loa d is
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T a b le 7 .1 : R esu lts w ith a co n sisten t error estim ator

f = ¡ 1
2 2 2n k ê k k e k ©

1 6 .59 72 2E -3 8.796 30 E -3 0 .7 500 0

2 1 .71 44 1E -3 2.285 88 E -3 0 .7 500 0

4 4 .32 67 1E -4 5.768 95 E -4 0 .7 500 0

8 1 .08 42 2E -4 1.445 63 E -4 0 .7 500 0

16 2 .71 21 4E -5 3.616 19 E -5 0 .7 500 0

32 6 .78 13 5E -6 9.041 80 E -6 0 .7 500 0

f = ¡ x
2 2 2^n k e k k e k ©

1 1 .89 93 1E -3 3.878 97 E -3 0 .7 474 4

2 6 .97 35 4E -4 9.358 98 E -4 0 .7 451 2

4 1 .73 72 3E -4 2.320 89 E -4 0 .7 485 2

8 4 .34 08 4E -5 5.790 81 E -5 0 .7 496 1

16 1 .08 51 0E -5 1.446 99 E -5 0 .7 499 0

32 2 .71 26 9E -6 3.617 05 E -6 0 .7 499 7

2 2con sta n t © is alw ay s 1 ¡ ° (h ) . T h is ca n b e ex p lain ed b y o b serv in g th at, from th e
d i® eren tial eq u a tio n s,

®00e (x ) = (x ¡ c ) (7.512 )11 21 ¡ ®
¡ 10000e (x ) = (7.513 )3 21 ¡ ®

w h ere c is a co n stan t, in d ep en d en t of th e ¯ n ite elem en t so lu tion . W e m ay in teg rate1
0th ese ex p ressio n s an d u se th e fact th at e an d e are zero at th e n o d es to w rite th e1 3

lo cal ex p ressio n s

· ¸
® 1 c10 2 2e = (3x ¡ h ) ¡ (2 x ¡ h ) (7.514 )1 2 6 21 ¡ ® · ¸¡ 1 1 c200 2 2e = (3x ¡ h ) ¡ (2 x ¡ h ) (7.515 )3 2 6 21 ¡ ®

w h ere c is a con stan t th a t d ep en d s on th e ¯ n ite elem en t solu tion . T h is con sta n t is2
hfou n d , u sin g th e orth o go n ality relation a (e ;v ) = 0 for a n y v 2 V , to b e . H en ce w e
2

m ay eva lu a te " #
5 2 3 21 h ® h (h ¡ 2c )12k e k = + : (7.516 )− 2 2i 72 01 ¡ ® 48 (1 ¡ ® )
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U sin g (7.51 0) w e h av e
5 2 3 2h ® h (h ¡ 2c )12^k e k = + : (7.517 )− 2i 720 48(1 ¡ ® )

H en ce th e resu lt
2 22^k e k = (1 ¡ ® ) k e k : (7.518 )− −i i

U sin g q u a d ra tic a n d q u in tic a p p ro x im a tio n s

A b eam o f u n it len gth h as th e m a terial m atrix

0 111 0 0
2B C0 1 0 0B C

D = (1 + x )B C : (7.519 )1@ A0 1 0
2

0 0 0 1

It is su b jected to a loa d of f = ¡ 1 an d th e sa m e restrain t a s th at in th e p rev iou s
ex a m p le so th at th e d isp lacem en t com p o n en ts u a n d u are fo u n d b y solv in g1 3

2d u 1 d u1 3
+ = 0 (7.520 )2d x 2 d x

2 21 d u d u (x ¡ 1)1 3¡ ¡ = : (7.521 )22 d x 2 (x + 1 )d x

T h is h a s th e solu tion

x 4
u = (x ¡ 6) + ln (1 + x ) (7.522 )1

6 3
x 82u = ¡ (x ¡ 9 x ¡ 2 4) ¡ (1 + x )ln (1 + x ): (7.523 )3
9 3

T h e ¯ n ite elem en t so lu tion a n d th e error estim a tor w ere calcu la ted u sin g th e sp a ces V
2 2 2^an d V d e¯ n ed earlier in th is ex a m p le. T ab le 7.2 sh ow s th e va lu es of k ê k , k e k an d ©

^for n elem en ts. T h ey con ¯ rm th e a sy m p to tic ex actn ess o f k e k .

7 .6 .2 F ra m e e x a m p le s

A p la n e fra m e

T h e th ree b ea m s form in g th e fra m e in F igu re 7 .7 each h ave th e n on -d iag on a l b eam

m ateria l m atrix 0 1
2 1 0 0

B C1 2 0 0B C2D = (x ¡ 2 x + 2)B C (7.524 )
@ A0 0 1 0

0 0 0 1
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T ab le 7.2: R esu lts w ith a n asy m p to tically ex act error estim a tor

2 2 2n k ê k k e k ©

1 1 .11 13 5E -3 1.122 37 E -3 0 .9 901 8

2 9 .38 27 6E -5 9.408 36 E -5 0 .9 972 8

4 6 .51 25 7E -6 6.517 22 E -6 0 .9 992 9

8 4 .19 44 0E -7 4.195 16 E -7 0 .9 998 2

16 2 .64 21 1E -8 2.642 23 E -8 0 .9 999 5

32 1 .65 45 9E -9 1.654 61 E -9 0 .9 999 9

T a b le 7 .3 : R esu lts w ith a co n sisten t error estim ator

n k ê k k e k ©

1 5.877 E -3 6 .5 65 E -3 0 .8 951 26

2 2.835 E -3 3 .2 89 E -3 0 .8 621 77

4 1.468 E -3 1 .6 99 E -3 0 .8 638 03

8 7.444 E -4 8 .6 02 E -4 0 .8 653 86

1 6 3.737 E -4 4 .3 15 E -4 0 .8 658 60

3 2 1.870 E -4 2 .1 60 E -4 0 .8 659 84

an d are load ed su ch th at th e so lu tion s are

(k ) ¡3u = 10 ex p (k (x ¡ 1)) + a lin ear fu n ctio n (7.525 )1

(k ) ¡3u = 10 ex p (¡ k (x ¡ 1 )) + a cu b ic fu n ction : (7.526 )2

T h e th ree lin ears a n d th ree cu b ics (18 p a ram eters in total) are d eterm in ed b y th e
cla m p in g assu m p tion s at th e b a se n o d es (th ree co n d ition s at ea ch ), th e co n tin u ity

con d itio n s at th e join ts (th ree co n d ition s a t ea ch ) an d th e eq u ilib riu m co n d ition s a t
th e join ts (th ree co n d ition s at each ). T h ese are fo u n d b y settin g u p an d so lv in g a lin ea r
sy stem on a com p u ter.

^T a b le 7.3 sh ow s th e calcu lated va lu es of k e k, k e k an d th e e® ectiv ity in d ex , © , w h ere
lin ear a n d cu b ic ap p rox im a tio n s are u sed to ca lcu late th e ¯ n ite elem en t solu tion an d
q u ad ra tics an d q u a rtics a re u sed to estim ate th e error u sin g n elem en ts p er b ea m . T h e

resu lts co n ¯ rm th at th e erro r estim ato r is con sisten t w ith an e® ectiv ity in d ex of a b o u tp
20:86 59. T h is is in ag reem en t w ith (7 .4 89 ) sin ce ° = 0:25 giv in g © 2 [ 0:75;1 ].i
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F igu re 7 .7 : A p la n e fram e.
F ig u re 7.8: A 3D fram e.

A 3 D fra m e

T h e eig h t b ea m s form in g th e fra m e in F igu re 7 .8 ea ch h ave th e n on -d ia go n al m a terial
m atrix 0 1

4 1 4 0
B C1 4 1 0B C2D = (x ¡ 2 x + 2)B C (7.527 )
@ A1 1 4 0

0 0 0 4

an d are load ed su ch th at th e so lu tion s are
Ã !

k(k ) ¡3u = 10 ex p (x ¡ 1 ) + a lin ea r fu n ctio n (7.528 )1 2
Ã !

k(k ) ¡3u = 10 ex p ¡ (x ¡ 1 ) + a cu b ic fu n ction (7.529 )2 2
(k ) ¡3u = 10 ex p (x ¡ 1) + a cu b ic fu n ctio n (7.530 )3

(k ) 5¡3u = 10 (x ¡ 1) + a lin ea r fu n ctio n : (7.531 )4

T h e 8 £ 12 = 96 p aram eters a sso ciated w ith th ese lin ear an d cu b ic ap p rox im a tio n s are
ob ta in ed b y settin g u p an d so lv in g a sy stem on a com p u ter as in th e p rev iou s ex am p le.

^T a b le 7.4 sh ow s th e calcu lated va lu es of k e k, k e k an d th e e® ectiv ity in d ex , © , w h ere
lin ears a n d cu b ics are u sed to calcu late th e ¯ n ite elem en t solu tio n an d q u ad ra tics an d
q u artics are u sed to estim a te th e error u sin g n elem en ts p er b ea m . T h e resu lts co n ¯ rm
th at th e erro r estim ato r is con sisten t w ith an e® ectiv ity in d ex o f ab ou t 0 :9 8. T h is isp

2in ag reem en t w ith (7 .4 89) sin ce ° = 0 :1 giv in g © 2 [ 0 :9 ;1 ].i

T a b le 7.5 sh ow s th e calcu la ted valu es w h ere q u a d ratics an d cu b ics are u sed to ca lcu late
th e ¯ n ite elem en t so lu tion an d cu b ics a n d q u artics are u sed to estim ate th e error u sin g
n elem en ts p er b eam . T h e resu lts con ¯ rm th a t th e erro r estim a tor is asy m p totica lly
ex a ct.
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T a b le 7 .4 : R esu lts w ith a co n sisten t error estim ator

^n ke k k e k ©

1 5.614 E -2 6 .2 90 E -2 0 .8 926 27

2 3.022 E -2 3 .2 79 E -2 0 .9 218 38

4 1.766 E -2 1 .8 38 E -2 0 .9 606 43

8 9.503 E -3 9 .7 22 E -3 0 .9 774 22

1 6 4.849 E -3 4 .9 39 E -3 0 .9 818 86

3 2 2.437 E -3 2 .4 79 E -3 0 .9 830 14

T ab le 7.5: R esu lts w ith a n asy m p to tically ex act error estim a tor

n k ê k k e k ©

1 5.444 E -2 5 .6 72 E -2 0 .9 598 07

2 2.053 E -2 2 .0 99 E -2 0 .9 784 54

4 6.391 E -3 6 .4 27 E -3 0 .9 943 71

8 1.702 E -3 1 .7 04 E -3 0 .9 985 78

1 6 4.324 E -4 4 .3 26 E -4 0 .9 996 44

3 2 1.085 E -4 1 .0 86 E -4 0 .9 999 11
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C h a p te r 8

T h e o r y o f P la stic ity

8 .1 In tr o d u c tio n

It w as m en tio n ed in C h a p ter 6 th at, as th e tem p era tu re rises, th e resista n ce of a

stru ctu re to d eform ation d ecreases. In th ese circu m stan ces th e stresses w ith in th e
stru ctu re a re m o re likely to ex ceed lev els w ith in th e ap p lica b ility o f th e ela stic th eory
d escrib ed so far. T h e th eo ry o f p lasticity, in tro d u ced in th is ch ap ter, m o d els stru ctu ral
b eh av iou r p ast th e ela stic state. T h e ¯ n ite elem en t m eth o d , d escrib ed in C h a p ter 7,
is ex ten d ed to in clu d e th e p la stic resp o n se. T h is ch ap ter co m p letes th e th eoretical

b ack grou n d for solv in g sm a ll-stra in , ¯ re-ex p osed , fra m e p ro b lem s.

In a u n iax ia l ten sio n ex p erim en t a m a terial w ill ob ey H o ok e's law u n til th e stress
reach es a critica l valu e. A t th is p oin t th e relation sh ip b etw een stress a n d strain is n o
lon ger lin ear. T h e m aterial is sa id to h ave y ield ed . T h e critical stress valu e a t w h ich
y ield in g o ccu rs is k n ow n a s th e y ield stress. E v en tu a lly, w ith in creasin g stra in , th e
stress rea ch es a co n stan t va lu e. A t th is p o in t th e m a terial ca n n ot resist an y fu rth er

load in g. If th e load is m ain tain ed th e m ateria l w ill co n tin u e to d eform an d n ever reach
eq u ilib riu m (u n til it b reak s). T h is is th e p lastic sta te. If th e m a terial is u n load ed a t
an y tim e th en th e stress d ecreases lin ea rly w ith d ecreasin g stra in . U p on relo ad in g th e
stress ag ain in creases lin early u n til it reach es th e y ield va lu e. T h is m ay b e a h igh er
(or low er) valu e th an b efore in w h ich ca se th e m ateria l h a s ex p erien ced so m e form o f

h ard en in g (o r soften in g). T h e p la stic th eory p resen ted h ere is b a sed on C h ap ter 7 o f
H in ton an d O w en [25 ] a n d H su [14 ].

O n ce a m aterial h a s y ield ed its stress sta te is m o d elled in crem en ta lly ; i.e. th e in crem en t
in stress is a fu n ction of th e in crem en t in strain . It is a ssu m ed th a t a n in crem en t in
stra in , d ², ca n b e w ritten a s th e su m o f a n elastic p a rt, d ² , a n d a p la stic p art, d ² ; i.e.e p

d ² = d ² + d ² : (8 .1 )e p

T h e y ield criterio n for th e u n ia x ia l case ca n b e w ritten as

¾ ¡ ¾ (² ) = 0 ; (8 .2 )y p
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w h ere ¾ is th e y ield stress w h ich w e h av e assu m ed to b e a fu n ction o f th e p lastic strain ,y

² . T h e in crea se in ¾ d u e to ² is term ed as stra in h ard en in g. A ltern atively, w e cou ldp y p

assu m e th at ¾ is a fu n ction o f th e w o rk d o n e to p lastically d efo rm th e m ateria l. In th isy

case th e in crease in ¾ is term ed as w ork h ard en in g . W e w ill u se th e strain -h a rd en in gy

h y p oth esis for n ow a n d u se th e w ork -h ard en in g h y p o th esis in th e n ex t section w h en
w e co n sid er th e m u lti-a x ia l stress state.

U n d er th e strain -h a rd en in g h y p oth esis th e y ield fu n ctio n , Y , is d e¯ n ed as

Y (¾ ;² ) = ¾ ¡ ¾ (² ): (8 .3 )p y p

It is n ega tiv e w h en ever th e m aterial is in a n elastic state an d zero w h en th e m a terial
h as y ield ed . It can n ever b e p o sitiv e sin ce th e stress can n o t ex ceed th e y ield stress.
If th e m aterial h a s y ield ed th en an y fu rth er in crease in strain ca n o n ly ca u se a stress
in crem en t su ch th a t th e y ield criterio n h old s; i.e.

d Y (d ¾ ;d ² ) = 0: (8 .4 )p

T h e ela stic strain in crem en t, d ² , is d e¯ n ed as th a t req u ired to give th e eq u iva len te

stress if th e m ateria l w as still in a lin ear elastic state, i.e.

d ¾
= E : (8 .5 )

d ²e

H en ce, b y th e ch ain ru le,

@ Y @ Y
d Y = d ¾ + d ² (8 .6 )p

@ ¾ @ ²p
d ¾ y

= d ¾ ¡ d ² (8 .7 )p
d ²p

= E d ² ¡ H d ² (8 .8 )e p

w h ere w e d e¯ n e th e h ard en in g va lu e o f th e m a terial, H , to b e

d ¾ y
H := : (8 .9 )

d ²p

F or th e y ield criterion to h old ,

H d ² = E d ² = E (d ² ¡ d ² ) (8.10 )p e p

an d w e h ave th a t
E

d ² = d ²: (8.11 )p
E + H

T h e in crem en ta l stress-stra in relation sh ip is th u s given b y

d ² = d ² + d ² (8.12 )e p

d ¾ E
= + d ²: (8.13 )

E E + H
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F ig u re 8.1: S tress-strain cu rve w ith strain (or w o rk ) h ard en in g.

R e-arra n gin g w e h av e µ ¶
E

d ¾ = E 1 ¡ d ²: (8.14 )
E + H

A s an ex am p le, co n sid er a n isoth erm al b eam of u n iform cross-section su b jected to a
ten sile force P at x = 1 w h ile b ein g restra in ed a t x = 0 . T h e stress-stra in cu rve

is illu strated in F igu re 8.1. It is lin ea r elastic u n til th e y ield stress, ¾ , is reach ed .y

T h e load m ay b e th o u gh t of a s b ein g a p p lied in tw o stag es: p re-y ield (ela stic) an d
p o st-y ield . D u rin g th e elastic sta ge w e h ave

d u
F (u ) = A ¾ (u ) = E A = P : (8.15 )

d x

T h e fo rce req u ired to ca u se th e b ea m to y ield , P , is fo u n d fro my

P = A ¾ (8.16 )y y

so th at, at th e y ield p oin t,

d u ¾ y
= ; (8.17 )

d x E
¾ y

u (x ) = x (8.18 )
E

w h ere A is th e cro ss-section a l a rea a n d ¾ is th e y ield stress o f th e m aterial. D u rin gy
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th e p o st-y ield sta ge th e in crem en t o b ey s

µ ¶
E d (¢ u )

¢ F = E A 1 ¡ = P ¡ P : (8.19 )y
E + H d x

T h is im p lies th at

µ ¶¡1d (¢ u ) P ¡ P Ey
= 1 ¡ (8.20 )

d x E A E + H
µ ¶¡ 1P ¡ P Ey

¢ u = x 1 ¡ : (8.21 )
E A E + H

T h e ¯ n a l d isp la cem en t is fo u n d b y ad d in g ¢ u to u to g iv ey

" #µ ¶¡ 1¾ P ¡ P Ey y
u (x ) = x + 1 ¡ : (8.22 )

E E A E + H

E x p erim en tal d ata p rov id es u s w ith th e relation sh ip b etw een stress an d to tal strain .
T h e va lu e o f H is d erived from th is u sin g (8.9) a n d (8 .1 1); i.e.

d ¾ y
H = (8.23 )

d ²p
d ¾ d ²y

= (8.24 )
d ² d ²p
µ ¶

H d ¾ y
= 1 + : (8.25 )

E d ²

R e-arra n gin g w e h av e
d ¾ y

E
d ²H = : (8.26 )
d ¾ y

E ¡
d ²

8 .2 G e n e r a l th e o r y

W h en th ere is m o re th a n on e stress u n d er co n sid era tio n th e y ield state of th e m a te-
ria l d ep en d s on som e fu n ction o f th e stress co m p on en ts. W e n ow em p loy th e w o rk -
h ard en in g h y p oth esis so th at th e y ield stress d ep en d s on th e p la stic w o rk w h ich w e

d en ote b y · . It is d e¯ n ed in crem en tally as

Td · := ¾ d ² ; (8.27 )p

w h ere ¾ is a colu m n vecto r co n ta in in g th e stress com p o n en ts. T h e y ield fu n ction tak es
th e form

Y = ¹¾ (¾ ) ¡ ¾ (· ) (8.28 )y
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w h ere ¹¾ , k n ow n a s th e e® ective stress, d ep en d s on th e p a rticu la r m ateria l m o d el. F o r
m eta ls it is d e¯ n ed to b e co n sisten t w ith th e ca se of u n ia x ial ten sion . W h en a m a terial

is in a p lastic state an in crem en t in stress p ro d u ces an in crem en t in th e p lastic strain
w h ich is d e¯ n ed in term s of a p lastic p oten tia l, Ã . T h e relatio n b etw een d ² an d Ã isp

th e ° ow ru le
@ Ã

d ² = d ¸ ; (8.29 )p
@ ¾

w h ere d ¸ is a co n stan t o f p rop ortio n ality to b e d eterm in ed . T h e A sso ciated T h eo ry o f
P lasticity states th at th e p lastic p oten tial is th e y ield fu n ctio n , i.e. Ã = Y , so th at th e

° ow ru le is
@ Y

d ² = d ¸ : (8.30 )p
@ ¾

T h e ° ow vector, a , is d e¯ n ed as
@ Y

a := (8.31 )
@ ¾

so th at th e ° ow ru le is sim p ly
d ² = d ¸ a : (8.32 )p

W h en th e m ateria l is in a y ield ed state an y in crea se in ¾ or · m u st cau se a zero
in crem en t in Y . F o r th e in crem en t in Y w e h av e, fro m th e ch ain ru le,

Ã !T
@ Y d Y

d Y = d ¾ + d · : (8.33 )
@ ¾ d ·

F rom (8.27 ) an d (8.32) w e h ave

T Td · = ¾ d ² = ¾ a d ¸ : (8.34 )p

E u ler's th eo rem on h om ogen eou s fu n ctio n s states th a t if f (x ) is h om og en eo u s a n d o f
d egree n th en [25 , P a ge 22 8]

@ fTx = n f : (8.35 )
@ x

U sin g th is o n Y in (8 .2 8) a n d th e fact th a t Y = 0 d u rin g p la stic d eform ation w e h ave

@ ¹¾T T¾ a = ¾ = ¹¾ (¾ ) = ¾ (· ): (8.36 )y
@ ¾

H en ce (8.34 ) b ecom es
d · = ¾ (· )d ¸ : (8.37 )y

F rom (8.28 ) w e h ave
@ Y d ¾ y

= ¡ : (8.38 )
@ · d ·
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S u b stitu tin g (8 .3 7) a n d (8.38 ) in to (8.33 ) w e h ave, d u rin g p lastic d efo rm a tio n ,

Td Y = a d ¾ ¡ H d ¸ = 0 (8.39 )

w h ere
d ¾ y

H = ¾ : (8.40 )y
d ·

T h e va lu e o f H w ill b e d iscu ssed later. F ro m H o ok e's law

¾ = D (² ¡ ² ) (8.41 )p

w h ich m ay b e rea rran ged to give

¡1² = D ¾ + ² : (8.42 )p

T h e stra in in crem en t is ob ta in ed u sin g th e ch ain ru le w ith (8 .4 2) to give

¡ 1 ¡1d ² = d D ¾ + D d ¾ + d ² : (8.43 )p

¡ 1F or isoth erm ala p p lication s th e d D term w ill alw ay s b e zero. H en ce w e m ay rearra n ge
(8.43 ) to g iv e

d ¾ = D (d ² ¡ d ² ) : (8.44 )p

S u b stitu tin g (8 .4 4) in to (8 .39 ) gives u s

Td Y = a D (d ² ¡ a d ¸ ) ¡ H d ¸ = 0: (8.45 )

S olv in g for d ¸ w e h av e
Ta D d ²

d ¸ = : (8.46 )
Ta D a + H

S u b stitu tin g (8 .4 6) in to (8 .32 ) w e h ave

Ta a D d ²
d ² = : (8.47 )p Ta D a + H

S u b stitu tin g (8 .4 7) in to (8 .44 ) gives u s

Ã !
TD a a D

d ¾ = D ¡ d ²: (8.48 )
Ta D a + H

W e d e¯ n e th e elastop lasticity m a trix , D , to b ee p

TD a a D
D = D ¡ : (8.49 )ep Ta D a + H
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T h e va lu e o f H is o b tain ed from u n iax ia l tests on th e m a terial. F or th e u n iax ial ca se
w e m ay w rite

@ ¾ @ ¾ @ ²y y p
H = ¾ = ¾ : (8.50 )y y

@ · @ ² @ ·p

F rom (8.27 ) w e h ave
d · = ¾ d ² (8.51 )y p

so th at
@ ¾ y

H = (8.52 )
@ ²p

w h ich is eq u ivalen t to (8.9). T h e valu e of H ca n n ow b e ob ta in ed from ex p erim en tal
d ata . F or th e g en eral case w e d e¯ n e a n e® ective p la stic stra in , ¹² , an d an e® ectivep

stress, ¹¾ , su ch th at
d · = ¹¾ d ¹² : (8.53 )p

N ow (8.52 ) b ecom es
@ ¾ y

H = : (8.54 )
@ ¹²p

T h e calcu lation of ¹¾ d ep en d s on th e y ield con d ition of th e m a terial. T h is w ill b e
d iscu ssed later. T h e calcu lation of ¹² is th en p erfo rm ed u sin gp

Td ¸ a ¾
d ¹² = : (8.55 )p

¹¾

W ith every in crem en t in ¹² co m es an in crem en t in ¾ given b yp y

d ¾ = A d ¹² : (8.56 )y p

8 .3 T h e r m a l e ® e c ts

T h e elastic m o d u lu s a n d th e y ield stress are b oth fu n ction s o f tem p eratu re. F u rth er-
m ore, w h en m a terials a re h eated , th ey ex p erien ce th erm a l strain . H en ce w e m u st
rew rite (8 .2 8) a s

Y = ¹¾ (¾ ) ¡ ¾ (· ;T ) (8.57 )y

so th at (8.3 9) b eco m es
Td Y = a d ¾ ¡ H d ¸ ¡ S d T (8.58 )

w h ere
@ ¾ y

S = : (8.59 )
@ T
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T h e stra in in crem en t (8.43 ) b ecom es

¡1 ¡ 1d ² = d D ¾ + D d ¾ + d ² + d ² (8.60 )p th

w h ere ² is th e th erm al stra in v ecto r so th atth

³ ´
¡1d ¾ = D d ² ¡ d ² ¡ d ² ¡ d D ¾ : (8.61 )p th

S u b stitu tin g (8 .3 2) a n d (8.61 ) in to (8.58 ) gives u s

³ ´
¡1Ta D d ² ¡ a d ¸ ¡ d ² ¡ d D ¾ ¡ H d ¸ ¡ S d T = 0 : (8.62 )th

S olv in g for d ¸ w e h av e

³ ´
¡ 1Ta D d ² ¡ d ² ¡ d D ¾ ¡ S d Tth

d ¸ = (8.63 )
Ta D a + H

so th at
Ã !

T ³ ´D a a D D a S d T¡ 1d ¾ = D ¡ d ² ¡ d ² ¡ d D ¾ + : (8.64 )thT Ta D a + A a D a + H

R earran g in g an d su b stitu tin g (8 .4 9), w e h ave

d ¾ = D d ² ¡ d Q (8.65 )ep

w h ere ³ ´ D a S d T¡ 1d Q = D d ² + d D ¾ ¡ : (8.66 )e p th Ta D a + H

8 .4 E q u ilib r iu m e q u a tio n s

P rior to an y p lastic stress in crem en t th e b o d y is in eq u ilib riu m . F o r th e b o d y to rem ain
in eq u ilib riu m th e stress in crem en t, d ¾ , m u st sa tisfy th e w eak eq u ation

Z Z Z
T T T²(v ) d ¾ d x = v d f d x + v d g d x 8 v 2 H : (8.67 )

x 2− x 2− x 2¡ N

S u b stitu tin g (8 .6 5) w e h av e

Z Z Z Z
T T T T²(v ) D ²(d u ) d x = v d f d x + v d g d x + ²(v ) d Q d x 8 v 2 H :ep

x 2− x 2− x 2¡ x 2−N

(8.68 )
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F ig u re 8.2: T y p ica l creep cu rve

In p ractice th e in ¯ n itesim al in crem en ts, d u , d f , d g an d d Q , a re rep laced b y ¯ n ite
on es, ¢ u , ¢ f , ¢ g an d ¢ Q w h ere

³ ´ D a S ¢ T¡1¢ Q = D ¢ ² + ¢ ¾ d D + ¢ ² ¡ : (8.69 )ep th c Ta D a + H

H en ce th e w eak eq u ilib riu m eq u ation gov ern in g th e ¯ n ite d isp lacem en t in crem en t, ¢ u ,
is
Z Z Z Z

T T T T²(v ) D ²(¢ u ) d x = v ¢ f d x + v ¢ g d x + ²(v ) ¢ Q d x 8 v 2 H :e p

x 2− x 2− x 2¡ x 2−N

(8.70 )

8 .5 C r e e p

A lth o u gh th e creep th eo ry p resen ted h ere is n ot u sed in th is th esis, th e p ossib le sig n if-

ica n ce of creep d eform ation to a ¯ re-ex p osed fra m e ju stī es its in clu sio n . T h is sectio n
illu strates h ow creep m ay b e in corp orated in to th e p lasticity m o d el.

U n d er n orm al con d ition s (i.e., n o rm a l stresses a n d tem p eratu res) m ost b u ild in g m a te-
ria ls d eform o n ly in resp o n se to an ap p lied load . In su ch circu m stan ces th e d efo rm a tio n
is in sta n tan eou s. H ow ever, u n d er ex cep tion a l circu m stan ces, lik e th e su b jection to a
h igh tem p era tu re en v iro n m en t, fu rth er d eform ation m ay o ccu r if th e lo ad is m ain ta in ed .
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S u ch b eh av iou r is called creep d eform atio n an d is regard ed a s th e tim e-d ep en d en t in -
ela stic d eform ation of so lid s. It can b e gen erally con sid ered to co n sist o f th ree stages:

P rim a ry creep p erio d : T h is h a s a relatively h igh d eform atio n ra te.

S eco n d ary C reep : T h is h as a m u ch slow er a n d con stan t g row th rate a n d n o rm a lly
o ccu rs at h igh tem p eratu res. T h is is also k n ow n a s stead y -state creep .

T ertia ry C reep : T h is is th e m ost d etrim en tal ty p e of creep d eform ation a s th e d efor-
m ation ra te b eco m es ex trem ely h ig h an d u su a lly resu lts in ca tastro p h ic ru p tu re o f th e
stru ctu re in a v ery sh ort tim e.

T h ese are illu strated in F igu re 8 .2 . F or steels at ¯ re-ex p osed tem p eratu res th e p rim ary

creep p erio d is sh o rt com p ared w ith th e secon d ary creep p erio d . H en ce, for p ra ctical
p u rp oses, th e p rim a ry creep p erio d is ig n ored .

T h e creep ra te of a m a terial d ep en d s o n th e tim e sin ce lo ad in g, th e tem p era tu re an d
th e stress. A g en era l fo rm fo r th e u n iax ia l ca se is

d ²c
= f (¾ ;t;T ) = f (¾ )f (t)f (T ): (8.71 )1 2 3

d t

V a rio u s form s of f (¾ ), f (t) an d f (T ) h av e b een p rop osed b y research ers. S om e o f1 2 3

th e com m o n ly u sed o n es are listed in H su [14 ]. F or ¯ re ap p lica tio n s it is a ssu m ed th a t
th e creep rate on ly d ep en d s on th e stress a n d th e tem p eratu re a n d so w e ta ke f = 1.2

M ost m o d els u se µ ¶¡ Q
f (T ) = ex p (8.72 )3

R T

w h ere

Q = A ctivation en ergy (8.73 )
¡ 1R = U n iversa l g as co n sta n t (8 :3 1J m o l K ) (8.74 )

T = A b solu te tem p eratu re: (8.75 )

T h e a ctivation en erg y is, fo r a given stress, a m easu re for th e tem p eratu re at w h ich
th e creep b eco m es sig n ī can t. H su [14 ] u ses N orton 's law ,

µ ¶
d ² Qc n= K ¾ ex p ¡ ; (8.76 )
d t R T

w h ere K an d n are are m aterial con stan ts. L ie [20 , 15 3] u ses th e Z en er-H ollo m o n law ,

µ ¶
d ² Qc

= Z ex p ¡ ; (8.77 )
d t R T

w h ere Z is th e Z en er-H ollo m o n p aram eter w h ich is a m easu re of th e creep rate of a
m ateria l in th e secon d a ry creep p erio d at a given tem p eratu re. A ccord in g to L ie [20 ],
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for m ild stru ctu ral steel (A S T M A 36),

Q
= 4 000 0K (8.78 )

R
1 6 ¡ 1 2Z = 1 :23 £ 10 ex p (0:000 42 7¾ )h ; 100 < ¾ · 3 00N = m m (8.79 )

an d , fo r cold d raw n p re-stressin g steel (A S T M A 42 1),

Q
= 3 00 00K (8.80 )

R
1 3 ¡1 2Z = 8 :2 1 £ 10 ex p (0:00 014 2¾ )h ; 13 5 < ¾ · 7 00 N = m m : (8.81 )

F or gen eral m u lti-ax ial cases th e co n stitu tive law s a re ex p ressed in term s of e® ective
stress an d strain . T h e tw o law s b eco m e, resp ectively,

µ ¶
d ² Qc n= K ¾ ex p ¡ (8.82 )
d t R T

µ ¶
d ² Qc

= Z (¾ ) ex p ¡ (8.83 )
d t R T

w h ere ² is th e e® ective creep strain an d ¾ is th e e® ectiv e stress. In crem en tal creepc

stra in m ay b e ex p ressed in term s of a p lastic creep p oten tial fu n ctio n ; i.e

@ Ã
d ² = d ¸ (8.84 )c

@ ¾

w h ere d ¸ is a p ositive p ara m eter th a t d ep en d s on th e lo ad in g h istory an d Ã is th e creep
p o ten tial fu n ctio n (a n alog ou s to th e p la stic p oten tia l fu n ction in th e p rev io u s section ).
If Ã = Y a s b efo re th en

d ² = d ¸ a : (8.85 )c

If w e assu m e th a t th e creep strain is in co m p ressib le th en th e e® ective creep strain m ay

b e d e¯ n ed a s [14 ]
1µ ¶
22 Td ² := d ² d ² : (8.86 )c cc3

S u b stitu tin g (8 .8 5) in to (8 .86 ) gives

s p2
Td ² = d ¸ a a (8.87 )c

3

so th at s
3 d ²cpd ¸ = : (8.88 )

T2 a a
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T h e valu e of d ² is d eterm in ed from eith er N orto n 's law (8 .7 6) or Z en er-H ollom on 's lawc

(8.77 ) b y in tegratin g over th e tim e in crem en t; i.e.

µ ¶
tnR Qnd ² = K ¾ ex p ¡ d t N orton ,c R Ttn ¡ 1 µ ¶ (8.89 )tnR Qd ² = Z (¾ ) ex p ¡ d t Z en er-H o llom on .c R Ttn ¡ 1

F ollow in g on fro m th e th erm al ela stop lastic an aly sis ea rlier w e a ssu m e th at th e to tal
stra in in crem en t m ay b e ex p ressed b y ex ten d in g (8.60) to

¡1 ¡ 1d ² = ¾ d D + D d ¾ + d ² + d ² + d ² : (8.90 )p th c

T h is m o d ī cation to th e th erm al elasto p la stic th eory o n ly resu lts in ch a n gin g th e d Q

term , given in (8 .6 6), to

³ ´ D a B d T¡1d Q = D d ² + d D ¾ + d ² ¡ : (8.91 )ep th c Ta D a + A

8 .6 Y ie ld c o n d itio n s

T h e y ield co n d ition sh o u ld b e in d ep en d en t o f th e co-ord in ate sy stem em p loy ed . H en ce

it m ay b e d ep en d en t o n th e p rin cip al stresses, ¾ , ¾ a n d ¾ , a n d th e stress in varian ts,1 2 3

I , I an d I . A n y com b in ation o f th ese w ill b e in d ep en d en t o f th e co o rd in a te sy stem1 2 3

an d m ay con trib u te to th e y ield con d itio n . F or m etals, p lastic d eform atio n h as b een
sh ow n ex p erim en tally to b e essen tially in d ep en d en t of h y d rostatic p ressu re; i.e. I .1
H en ce th e y ield con d itio n m ay b e a ssu m ed to b e a fu n ctio n o f th e d ev iato ric stress

in va ria n ts, J a n d J , on ly.2 3

T h e T r e sc a y ie ld c rite rio n

T h is sta tes th at y ield in g b egin s w h en th e m ax im u m sh ea r stress reach es a critica l va lu e.
In term s of p rin cip a l stresses it m ay b e stated a s

¾ ¡ ¾1 3
¿ = = k (· ); (8.92 )m a x

2

w h ere ¾ a n d ¾ a re th e m ax im u m a n d m in im u m p rin cip al stresses, resp ectiv ely, an d1 3

k is a con sta n t to b e d eterm in ed . F o r th e u n ia x ia l ten sion ca se, y ield in g o ccu rs w h en

¾ y
= k (8.93 )

2

so w e h ave th a t
¹¾ = ¾ ¡ ¾ : (8.94 )1 3
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T h e v o n M ise s y ie ld c rite rio n

T h is states th at y ield in g b egin s w h en th e d istortion en erg y eq u als th e d istortion en ergy
at y ield in u n ia x ial ten sio n . T h e d istortion en erg y is p ro p ortion a l to J a n d so th e y ield2

criterio n is fo r J to rea ch a critica l valu e. W h en y ield in g o ccu rs u n d er u n iax ia l ten sio n2

2¾ y
J = (8.95 )2

3

an d so p 1
2¹¾ = 3 J : (8.96 )2

T h e M o h r -C o u lo m b y ie ld c r ite rio n

M oh r ex ten d ed th e T resca y ield criterio n b y assu m in g th at y ield in g d ep en d s n ot on ly

on th e sh ear stress b u t th at it a lso d ep en d s on th e n o rm a l stress a ctin g o n th e sh ea rin g
p lan e. T h is is, in fact, a g en eralisation of th e C ou lom b friction failu re law w h ich m ay
b e stated as

¿ = c ¡ ¾ tan Á ; (8.97 )n

w h ere ¿ is th e m ag n itu d e of th e sh ea rin g stress, ¾ is th e n o rm a l stress (ten sile stressn

p o sitive), c is th e coh esion a n d Á is th e an gle o f in tern a l friction . N o te th a t b o th c

an d Á a re m a terial p rop erties th at are d eterm in ed ex p erim en tally. M oh r d em on strated
th at, gra p h ica lly, (8.97 ) rep resen ts a stra igh t lin e tan gen t to th e largest p rin cip al stress

circle a s sh ow n in F ig u re 8.3.

F rom F ig u re 8.3 eq u ation (8 .9 7) m ay b e rew ritten as
µ ¶

¾ ¡ ¾ ¾ + ¾ ¾ ¡ ¾1 3 1 3 1 3
co s Á = c ¡ + sin Á ta n Á (8.98 )

2 2 2

w h ich sim p lī es to
¾ ¡ ¾ + (¾ + ¾ ) sin Á = 2 c cos Á : (8.99 )1 3 1 3

T h e k ey d i® eren ce b etw een th is y ield criterio n a n d th e p rev io u s tw o is th a t y ield in g

n ow d ep en d s o n th e d irection of th e stress. L et ¾ a n d ¾ d en ote th e m ag n itu d e o ft c

th e y ield stresses for th e cases o f u n ia x ia l ten sion a n d com p ressio n , resp ectiv ely. T h en ,
from (8.99 ), w e h ave

¾ (1 + sin Á ) = 2c co s Á (8.100 )t

¾ (1 ¡ sin Á ) = 2c co s Á : (8.101 )c

S olv in g for Á an d c w e h ave
µ ¶

¾ ¡ ¾c t¡1Á = sin (8.102 )
¾ + ¾c tp

¾ ¾t c
c = : (8.103 )

2
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¾ ¡ ¾1 3
a = sin Á

2
¾ ¡ ¾1 3

b = cos Á
2

F igu re 8 .3 : M o h r circle rep resen tatio n o f th e M o h r-C o u lo m b y ield criterion

H en ce (8.99 ) m ay b e w ritten as

(¾ + ¾ ) 2 ¾ ¾1 3 c t
¾ ¡ ¾ + = (8.104 )1 3

¾ + ¾ ¾ + ¾c t c t

w h ich sim p lī es to give
¾ ¾ ¡ ¾ ¾ = ¾ ¾ : (8.105 )1 c 3 t c t

T h en , for th e case of u n iax ial ten sio n , (8.105 ) red u ces to

¾ = ¾ (8.106 )1 t

an d , fo r u n iax ia l co m p ression ,
¡ ¾ = ¾ : (8.107 )3 c

T h e D ru ck e r-P r a g e r y ie ld c rite r io n

A n ap p rox im a tion to th e M o h r-C o u lo m b law w as p resen ted b y D ru cker an d P rager in
19 52 as a m o d ī cation of th e vo n M ises y ield criterion . T h e in ° u en ce of a h y d rostatic

stress com p o n en t o n y ield in g w a s in tro d u ced b y a d d in g an I term in th e v on M ises1

ex p ressio n so th at th e y ield criterion is
p 1

2® I + 3 (J ) = k : (8.108 )1 2

N ow , for u n iax ial ten sio n an d com p ressio n cases, resp ectiv ely, w e h av e

¾ (1 + ® ) = k (8.109 )t

¾ (1 ¡ ® ) = k : (8.110 )c
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H en ce

¾ ¡ ¾c t
® = (8.111 )

¾ + ¾c t

2¾ ¾c t
k = : (8.112 )

¾ + ¾c t

N ote th at th ese a re related to th e M oh r-C ou lom b p aram eters b y

® = sin Á (8.113 )

k = 2c cos Á : (8.114 )

8 .7 A p p lic a tio n to b e a m s

In b eam th eory th e on ly n on -zero stress com p on en ts are ¾ , ¾ an d ¾ so th at th e1 1 1 2 1 3

d ev iato ric stress ten sor is
0 1
2 ¾ ¾ ¾1 1 1 2 1 33B C0 1¾ = ¾ ¡ ¾ 0 : (8.115 )@ A1 2 1 13

1¾ 0 ¡ ¾1 3 1 13

H en ce th e in va ria n ts I a n d J are1 2

I = ¾ (8.116 )1 1 1

1 2 2 2J = ¾ + ¾ + ¾ : (8.117 )2 1 1 1 2 1 33

T h e ° ow vector m ay b e w ritten as
1
2@ F @ I @ F @ (J )1 2

a = + (8.118 )1
@ I @ ¾ @ ¾21 @ (J )2

so th at, u sin g (8.108 ), 0 1 0 1
® ¾ 1 11B C B C

a = 0 + 3¾ : (8.119 )@ A @ A1 2p 1
23J0 3¾2 1 3

R eca ll th at th e lin ea r elastic co n stitu tive rela tion b etw een th e com p o n en ts o f stress
an d strain is 0 1 0 1 0 1

¾ E 0 0 ²1 1 1 1
B C B C B C

¾ = ¾ = 0 G 0 ² = D ² (8.120 )@ A @ A @ A1 2 1 2

¾ 0 0 G ²1 3 1 3

an d th at th e relation b etw een b eam stresses an d b eam strain s is
0 1

S 1 ZB CSB C2 TS = B C = X ¾ d x (8.121 )
@ AS 3

x 2AS 4
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w h ere 0 1
1 ¡ x ¡ x 02 3

B C
X = 0 0 0 ¡ x : (8.122 )@ A3

0 0 0 x 2

T h e ela stop lastic rela tio n b etw een th e stress an d strain in crem en ts is

¢ ¾ = D ¢ ² ¡ ¢ Q (8.123 )ep

so th at, for th e ¯ n ite in crem en t in b eam stresses, ¢ S ,
Z Z

T T¢ S = X ¢ ¾ d x ¡ X ¢ Q d x (8.124 )

x 2A x 2AZ Z
T T= X D ¢ ² d x ¡ X ¢ Q d x (8.125 )ep

x 2A x 2AZ Z
T T= X D X B (¢ u ) d x ¡ X ¢ Q d x : (8.126 )ep

x 2A x 2A

H en ce w e m ay w rite
¢ S = D B (¢ u ) ¡ Q ; (8.127 )B e p B

w h ere
Z

TD := X D X d x (8.128 )B ep e p

x 2AZ
TQ := X ¢ Q d x : (8.129 )B

x 2A

T h e w eak in crem en tal eq u ilib riu m eq u a tio n gov ern in g a th erm o ela stic-p lastic b ea m is,
th erefo re,

Z Z Zl l l
T T TB (v ) D B (¢ u ) d x = v ¢ q d x + B (v ) Q d x 8 v 2 H : (8.130 )B e p B

0 0 0

T h e ¯ n ite elem en t so lu tion is ob ta in ed b y ¯ n d in g th e in crem en tal d egree of freed om
vector, ¢ U th a t sa tis¯ es

K ¢ U = ¢ F ; (8.131 )

w h ere

LZ
TK := B D B d x (8.132 )B ep

0

LZ ³ ´
T T¢ F := N ¢ q + B ¢ Q d x : (8.133 )B

0
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8 .8 D a ta stru c tu r e s fo r p la stic fr a m e a n a ly sis

T h e evalu ation of th e p la stic b eam co e± cien ts m a trix in vo lves th e n u m erica l in te-
gra tio n of stress com p o n en ts over th e cross section . H en ce th e stress com p on en ts
n eed to b e stored at G a u ss p o in ts w ith in ea ch tria n gu lar elem en t o f th e cro ss-section .
F u rth erm o re, th e cross-section a l stresses n eed to b e stored fo r G au ss p oin ts alon g
th e b eam elem en t. H en ce th e d ata stru ctu re for sto rin g th e stress co m p on en ts is

S t r e s s e s (i;j;k ;l;m ) w h ere

i = B eam elem en t n u m b er;1 · i · n be (8.134 )

j = B eam elem en t G au ss p o in t n u m b er;1 · j · n bg p (8.135 )

k = C ross-sectio n elem en t n u m b er;1 · k · n cse (8.136 )

l = C ross-sectio n elem en t G a u ss p o in t n u m b er;1 · l · n csg p (8.137 )

m = S tress com p o n en t n u m b er;1 · m · 3 (8.138 )

w h ere

n be = N u m b er of b eam elem en ts (8.139 )

n bg p = N u m b er of b eam elem en t G a u ss p o in ts (8.140 )

n cse = N u m b er of cro ss-sectio n elem en ts (8.141 )

n v sg p = N u m b er of cro ss-sectio n elem en t G au ss p o in ts (8.142 )

S im ila rly w e d e¯ n e th e d ata stru ctu res P l a s t i c S t r a i n s (i;j;k ;l) to store th e e® ective

stra in s a n d Y i e l d S t r e s s e s (i;j;k ;l) to store th e y ield stresses th ro u gh o u t th e fra m e.
T em p eratu res m ay b e sto red at each cross-section elem en t G au ss p oin t so a s to u se
th e sam e d a ta stru ctu re ty p e a s th e stresses an d p lastic strain s. H ow ever, sin ce th e
¯ n ite elem en t tem p eratu re d istrib u tion is p iecew ise-lin ea r, th ey on ly n eed to b e stored
at th e cross-sectio n n o d es. In m an y ¯ re ap p lica tio n s th e tem p era tu res in a p a rticu la r

b eam on ly vary across th e cross-section a n d n ot alon g th e len gth of th e b eam . H en ce
th e tem p era tu res on ly n eed to b e stored on ce for ea ch b ea m . U sin g a n ob ject orien ted
ap p roach th e tem p era tu re d ata stru ctu re m ay b e reg ard ed as a p rop erty o f th e cross-
section an d take th e fo rm C r o s s S e c t i o n :T e m p e r a t u r e s (i;j) w h ere

i = C ro ss-section n o d e n u m b er;1 · i · n cse (8.143 )

j = T im estep n u m b er;0 · j · n ts (8.144 )

w h ere n ts is th e n u m b er o f tim estep s in th e ¯ n ite elem en t tem p era tu re ca lcu lation s.

8 .9 S o lu tio n p r o c e d u r e

E q u ation (8.13 1) m ay b e so lv ed u sin g th e T an gen t S ti® n ess M eth o d w h ich so lves th e
n on -lin ear eq u ation

K (x )x = F (8.145 )
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u sin g th e iteration

K (x )(¢ x ) = ª (x ) (8.146 )i i

x = x + ¢ x (8.147 )i+ 1 i

w h ere
ª (x ) = F ¡ K (x )x : (8.148 )

In itially, th e ela stic ¯ n ite elem en t solu tio n is ob ta in ed resu ltin g in a d isp lacem en ts

vector, U . F rom th is th e stresses, ¾ , are ca lcu la ted a t ea ch in tegra tio n (G au ss)ij

p o in ts an d sto red in S t r e s s e s (i;j;k ;l;m ). T h e m ax im u m e® ectiv e stress, ¹¾ , is a lsom a x

calcu lated so th a t th e fractio n of F th a t ca u sed ¯ rst y ield , ¯ , is d eterm in ed to b e

¾ y
¯ = : (8.149 )

¹¾ m a x

T h e d isp lacem en ts an d stresses a t y ield are th en u p d ated to b e

U = ¯ £ U (8.150 )

S t r e s s e s (i;j;k ;l;m ) = ¯ £ S t r e s s e s (i;j;k ;l;m ) 8 i;j;k ;l;m : (8.151 )

T h e e® ectiv e p la stic stra in s an d th e y ield stresses a re set to

P l a s t i c S t r a i n s (i;j) = 0 8 i;j (8.152 )

Y i e l d S t r e s s e s (i;j) = ¾ 8 i;j: (8.153 )y

T h e rem ain in g loa d , (1 ¡ ¯ )F , is d iv id ed in to n loa d step s o f size ¢ F . F o r each loa d

step ¢ U is ca lcu lated u sin g th e iteration

K (U )¢ ¢ U = ª [(¢ U ) ] (8.154 )i i

(¢ U ) = (¢ U ) + ¢ ¢ U ; (8.155 )i+ 1 i

w h ere Z
Tª [(¢ U ) ] = ¢ F ¡ B (¢ ¾ ) d x (8.156 )i i

x 2−

an d , in itially,

¢ U = 0 (8.157 )

S t r e s s I n c r e m e n t s (i;j) = 0 8 i;j: (8.158 )

T h e calcu lation o f S t r e s s I n c r e m e n t s (i ;j ) is ach ieved u sin g (8 .6 5). F o r th e stress
in crem en t w e h av e, d u rin g p la stic d eform ation ,

Z Z
¢ ¾ = d ¾ = D d ² (8.159 )ep
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w h ich is eva lu a ted b y d iv id in g th e in tegral in to m step s so th at

mX 1
¢ ¾ = D ¢ ² (8.160 )ep

m
i= 1

w h ere ¢ ² is evalu ated from
0 1 0 1

¢ ² B (d u ) ¡ x B (d u ) ¡ x B (d u )1 1 1 2 2 3 3
B C B Cx 3¢ ² = ¢ ² = ¡ B (d u ) : (8.161 )@ A @ A1 2 22

x 2¢ ² B (d u )1 3 32

If th e m ateria l h a s n ot y ield ed at a p a rticu lar p o in t or it is b ein g u n lo ad ed (i.e. d ¸ < 0 )
th en D red u ces to D an de p

¢ ¾ = D ¢ ²: (8.162 )

8 .1 0 E r r o r e stim a tio n

A fter a load in crem en t h a s b een ap p lied th e in crem en t to th e tru e d isp la cem en t, ¢ u ,
an d th e in crem en t to th e ¯ n ite elem en t d isp lacem en t, ¢ u , satisfyh

a (¢ u ;v ) = (¢ q ;v ) + [¢ Q ;v ] (8.163 )

a (¢ u ;v ) = (¢ q ;v ) + [¢ Q ;v ] (8.164 )h

to w ith in a n iteration to leran ce. A ssu m in g th at th e itera tio n error is n eglig ib le co m -
p ared w ith erro rs d u e to th e ¯ n ite elem en t m esh th e a n aly sis of C h ap ter 7 m ay b e
ap p lied to th e p la stic ca se. H en ce th e erro r estim a tor d e¯ n ed in S ectio n 7.5.6 m ay b e
ap p lied w ith co n ¯ d en ce. T h e o n ly d i® eren ce in th e im p lem en tation is in th e eva lu a tio n

of th e resid u a l v ector, r . T h is is d e¯ n ed as

0 1 0 10q ¡ S (u )1 h1
B C B C00q S (u )B C B C2 h2r := B C ¡ B C (8.165 )00@ A @ Aq S (u )3 h3

00 ¡ S (u )h4

w h ich req u ires th e d erivatives o f th e stress co m p on en ts. T h e stresses are sto red d is-
cretely an d can n o t b e calcu lated ex actly from th e ¯ n ite elem en t solu tion . In p ra ctise

th e b eam stress vecto r, d S , is calcu la ted a t th e ga u ss p oin ts th en its d eriva tiv es are
ap p rox im a ted b y d i® eren tia tin g a p o ly n om ial th at in terp olates d S a t th e g au ss p o in ts.
L et th e in terp olation error in r b e d en oted b y " an d d e¯ n ed a s

0 10(d S ¡ ¦ d S )1 1
B C00¡ (d S ¡ ¦ d S )B C2 2

" := B C : (8.166 )00@ A¡ (d S ¡ ¦ d S )3 3
0(d S ¡ ¦ d S )4 4
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In th e d e¯ n ition of ê , w e h ave

^a (e ;v ) = (r ;v ) + (" ;v ) (8.167 )− − −i i i

^for a ll v 2 V . F o llow in g th rou gh th e an a ly sis in sectio n 7.5.6 w e h av e th e b o u n d s
1 1³ ´ ³ ´
2 22 2 ^¡ C k " k + 1 ¡ ¯ (h ) 1 ¡ ° (h ) k e k · k e k · k e k + C k " k : (8.168 )L L2 2

U sin g th e in terp o la tio n resu lt in sectio n 2 an d th e fact th a t d S is d i® eren tiated tw ice
w e h ave th at, w h en th ere are n G a u ss p o in ts a n d a corresp o n d in g in terp o lan t of d egree

· n ¡ 1,
n ¡ 2k " k · C h : (8.169 )

F or k d e k to b e asy m p totically ex act k ²k m u st co n v erg e to zero at a faster ra te th a n
k d e k . F o r th e q u a d ratic an d cu b ic ¯ n ite elem en t m eth o d , th e fa stest th a t k d e k ca n

2con verge is w ith ord er h . H en ce th e n u m b er o f g au ss p o in ts m u st b e g rea ter th an 4 to
gu a ran tee asy m p totic ex actn ess. W h en q u artics o r q u in tics are u sed for th e b en d in g
d isp la cem en ts th e n u m b er o f ga u ss p oin ts m u st b e g rea ter th an 5 or 6, resp ectively.

8 .1 1 N u m e r ic a l e x a m p le s

P resen ted h ere are th ree ap p lica tio n s of th e co m p u ta tio n al m eth o d d escrib ed in th is
ch a p ter. T h e ¯ rst con sid ers a sin g le h eated b eam w h ich illu stra tes th e com b in ed th er-

m al e® ects of ex p an sio n a n d m a terial w eak en in g. T h e secon d ex am p le co n sid ers a
sim p le 2D fram e lo ad ed a t ro om tem p era tu re so th at it u n d erg o es elasto p lastic d e-
form ation . T h is illu strates h ow errors o ccu r in th e ¯ n ite elem en t solu tio n d u e to th e
p lasticity an d h ow ad ap tiv ity o f th e m esh red u ces th e error. T h e th ird ex am p le con sid -
ers a 3D tw o storey fram e w h ere th e grou n d ° o or b ea m s an d co lu m n s are ex p osed to
a h eatin g cu rv e. T h is illu stra tes th e a p p lication of th e erro r in d ica tor to ¯ re-ex p o sed

fram e p ro b lem s. A ll th ree ex a m p les u se th e von M ises y ield criterion w ith valu es o f E ,
H a n d S ca lcu la ted from th e d ata in T a b le 8.3.

8 .1 1 .1 A th e rm o p la stic b e a m

T h e sim p ly su p p orted b eam of len gth 13 50 m m h as an a p p lied fo rce of 608 10 N a t on e
en d a n d is h eated u n d ern eath as illu stra ted in F ig u re 8.4. T h e m easu red tem p era tu res
are g iv en in T ab le 8 .1 an d are u sed as b o u n d ary con d ition s to ca lcu la te th e com p lete
tem p era tu re d istrib u tio n u sin g th e th erm al p ro p erties in T ab le 8 .2 . U sin g th e stru c-
tu ral p rop erties in T ab le 8.3 th e d isp lacem en t of th e b ea m w as calcu lated for d i® eren t
ex p osu re tim es. T h e v ertical d isp lacem en t o f th e m id p o in t is listed in T ab le 8.4 an d

p lotted in F igu re 8 .5 for com p ariso n w ith ex p erim en tal valu es [31 ]. A clo se m a tch b e-
tw een ex p erim en ta l a n d com p u tation a l va lu es is sh ow n u p to a rou n d 2 4 m in u tes w h ich
is ab ou t th e tim e th e b eam ¯ rst y ield s. A fter th is tim e th e co m p u ted d isp lacem en t
follow s a sim ilar p ath to th a t in th e ex p erim en t ex cep t th at it h ap p en s over a sh orter
tim e.
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F ig u re 8.4 : B eam d im en sion s

T ab le 8.1 : M easu red tem p eratu res

± ±T im e (m in s) T ( C ) T ( C )1 2

4 40.5 20 .4

8 1 10.3 41 .4

1 2 2 21.0 93 .3

2 0 3 95.5 2 34 .0

2 4 5 66.7 3 12 .4

2 8 6 32.6 3 77 .0

3 2 6 75.4 4 19 .0

3 5 6 97.7 4 37 .0

4 6 7 40.0 4 61 .0
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T ab le 8.2 : T h erm al p ro p erties o f steel [35 ]

± ¡ 1 ¡ 1 ¡1 ¡ 1 ¡ 3T ( C ) k (W m K ) c(J k g K ) ½ (k g m )

0 5 2.0 44 0 78 50

20 5 2.0 44 0 78 50

50 5 1.7 45 0 78 42

100 5 1.0 48 0 78 27

150 5 0.0 50 5 78 12

200 4 8.8 53 0 77 97

250 4 7.5 55 0 77 81

300 4 6.0 56 5 77 65

350 4 4.5 58 5 77 48

400 4 2.7 61 0 77 31

450 4 1.0 64 0 77 13

500 3 9.2 67 5 76 95

550 3 7.5 71 5 76 75

600 3 5.5 76 0 76 55

650 3 3.8 82 0 76 35

700 3 2.0 101 0 76 16

725 3 1.0 160 0 76 08

735 3 0.0 500 0 76 12

750 2 8.5 130 0 76 18

775 2 6.0 101 0 76 22

800 2 6.0 81 0 76 26

825 2 5.8 73 0 76 27

850 2 6.0 68 5 76 22

875 2 6.2 66 0 76 11

900 2 6.5 65 0 75 99

950 2 7.0 65 0 75 74

1 000 2 7.5 65 0 75 49

1 050 2 8.0 65 0 75 23

1 100 2 8.5 65 0 75 00

1 150 2 9.0 65 0 74 77

1 200 2 9.5 65 5 74 53
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± ±T ab le 8.3 a : S tru ctu ral p rop erties of grad e 4 3A steel fo r 20 C to 3 50 C [2 ]

2 ±S tra in % S tress (N / m m ) for V ariou s T em p eratu res ( C )

2 0 5 0 10 0 150 200 2 50 3 00 3 50

0 .0 0 0.0 0.0 0.0 0 .0 0 .0 0 .0 0 .0 0 .0

0 .0 1 1 8.4 1 8.4 1 8.4 17 .3 16 .6 15 .8 15 .6 14 .5

0 .0 2 3 6.7 3 6.7 3 5.7 34 .9 33 .2 31 .9 31 .4 29 .1

0 .0 3 5 5.1 5 4.1 5 4.1 53 .2 49 .7 47 .7 46 .9 43 .4

0 .0 4 7 3.4 7 2.4 7 1.7 70 .6 66 .3 63 .5 62 .5 57 .9

0 .0 5 9 1.8 8 9.3 9 0.0 88 .2 82 .9 79 .3 78 .0 72 .4

0 .0 6 11 0.2 10 9.1 10 7.4 105 .6 99 .2 95 .4 93 .8 87 .0

0 .0 7 12 8.3 12 6.7 12 5.7 123 .2 115 .3 111 .2 1 09 .4 1 01 .2

0 .0 8 14 6.6 14 4.8 14 3.3 141 .5 132 .3 127 .0 1 25 .0 1 15 .8

0 .0 9 16 5.0 16 3.2 16 1.7 158 .9 148 .9 143 .1 1 32 .1 1 24 .4

0 .1 0 18 3.0 18 1.6 17 9.0 176 .5 165 .5 158 .9 1 36 .4 1 29 .0

0 .1 2 22 0.1 21 7.5 21 4.7 211 .4 198 .6 181 .8 1 44 .5 1 38 .0

0 .1 4 25 5.0 24 7.1 23 4.1 225 .4 208 .1 188 .2 1 52 .2 1 45 .9

0 .1 6 25 5.0 24 7.1 23 8.4 229 .5 213 .4 193 .8 1 58 .9 1 52 .2

0 .1 8 25 5.0 24 7.1 24 2.3 232 .6 217 .5 198 .4 1 64 .5 1 57 .8

0 .2 0 25 5.0 24 7.1 24 4.8 234 .6 221 .1 202 .2 1 69 .8 1 63 .2

0 .2 5 25 5.0 24 7.1 24 6.1 237 .7 229 .2 208 .8 1 81 .3 1 74 .7

0 .3 0 25 5.0 24 7.1 24 6.1 239 .7 233 .8 213 .9 1 91 .9 1 84 .9

0 .3 5 25 5.0 24 7.1 24 6.1 241 .0 237 .4 217 .3 1 99 .7 1 92 .8

0 .4 0 25 5.0 24 7.1 24 6.1 241 .7 239 .2 219 .8 2 07 .1 1 99 .7

0 .5 0 25 5.0 24 7.1 24 6.1 243 .8 241 .2 225 .4 2 17 .8 2 10 .6

0 .6 0 25 5.0 24 7.1 24 6.1 244 .0 241 .7 230 .0 2 25 .7 2 18 .5

0 .7 0 25 5.0 24 7.1 24 6.1 244 .3 242 .3 233 .6 2 30 .9 2 25 .2

0 .8 0 25 5.0 24 7.1 24 6.1 244 .5 242 .8 237 .4 2 35 .4 2 31 .5

0 .9 0 25 5.0 24 7.1 24 6.1 244 .5 243 .0 240 .7 2 38 .7 2 35 .6

1 .0 0 25 5.0 24 7.1 24 6.1 244 .9 243 .5 242 .8 2 41 .2 2 39 .7
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± ±T ab le 8.3b : S tru ctu ral p rop erties o f grad e 4 3A steel fo r 40 0 C to 80 0 C [2]

2 ±S train % S tress (N / m m ) for V ariou s T em p eratu res ( C )

4 00 4 50 50 0 55 0 60 0 6 50 70 0 7 50 80 0

0.00 0.0 0.0 0.0 0.0 0.0 0 .0 0.0 0 .0 0.0

0.01 13.3 11.7 9.4 6.9 5.6 4 .1 2.0 2 .0 1.8

0.02 26.8 23.5 19.1 1 3.5 1 1.5 8 .2 4.1 3 .8 3.3

0.03 40.0 35.2 28.6 2 0.4 1 7.1 12 .2 6.1 5 .9 5.6

0.04 53.3 46.9 38.3 2 7.0 2 2.7 16 .6 8.2 7 .9 7.4

0.05 66.8 58.7 47.7 3 3.9 2 8.3 20 .7 1 0.5 9 .9 9.4

0.06 80.1 70.1 57.1 4 0.7 3 4.2 24 .7 1 2.5 11 .7 1 1.2

0.07 93.3 81.9 66.8 4 7.4 3 9.3 28 .3 1 4.5 13 .8 1 3.0

0.08 1 06.6 93.6 76.2 5 4.3 4 5.1 32 .9 1 6.6 15 .3 1 4.0

0.09 1 16.8 1 05.3 85.7 6 0.9 4 8.5 36 .0 1 8.6 16 .3 1 4.0

0.10 1 21.6 1 11.7 95.4 6 7.8 5 1.3 38 .0 2 0.7 17 .3 1 4.0

0.12 1 31.6 1 18.3 1 02.3 8 1.3 5 6.1 41 .3 2 4.7 19 .4 1 4.3

0.14 1 39.5 1 24.7 1 08.6 8 7.2 6 0.7 43 .9 2 6.8 20 .4 1 4.3

0.16 1 45.9 1 30.8 1 13.5 9 2.6 6 4.3 46 .2 2 8.1 21 .4 1 4.5

0.18 1 51.2 1 35.9 1 18.6 9 6.9 6 7.6 48 .2 2 9.6 22 .2 1 4.8

0.20 1 56.3 1 40.3 1 22.9 10 0.0 7 0.9 50 .0 3 1.1 23 .0 1 5.0

0.25 1 67.8 1 50.2 1 32.3 10 5.8 7 7.3 54 .3 3 4.9 25 .0 1 5.3

0.30 1 77.7 1 58.9 1 40.3 11 0.7 8 2.9 58 .4 3 8.3 27 .0 1 5.8

0.35 1 85.9 1 66.5 1 46.4 11 5.5 8 7.5 62 .5 4 1.1 28 .6 1 6.3

0.40 1 92.3 1 72.9 1 51.5 11 9.3 9 1.3 66 .0 4 3.6 30 .1 1 6.6

0.50 2 03.5 1 83.9 1 58.6 12 5.5 9 6.4 72 .2 4 7.4 32 .4 1 7.3

0.60 2 11.4 1 92.5 1 65.5 13 1.8 10 0.5 77 .3 4 9.5 33 .4 1 7.9

0.70 2 19.6 1 99.9 1 72.4 13 7.4 10 3.8 82 .1 5 0.2 34 .2 1 8.1

0.80 2 27.5 2 06.0 1 77.2 14 2.0 10 7.4 85 .7 5 0.5 34 .4 1 8.1

0.90 2 32.8 2 10.9 1 81.3 14 5.9 11 0.2 89 .0 5 1.0 34 .7 1 8.6

1.00 2 38.4 2 14.7 1 84.1 14 8.9 11 1.7 91 .8 5 1.3 34 .9 1 8.6
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T a b le 8 .4 : T a b u la ted resu lts

T im e (m in s) E la stic E lasto P la stic E x p erim en tal

7.5 -3.2 -3.2 -2 .4

20 -1 0.2 -10.2 -13 .2

24 -1 4.2 -14.3 | {

28 -1 0.7 -10.8 -15 .9

36 + 9.2 + 12.2 -14 .3

44 + 2 2.8 + 30.1 -4 .4

55 + 4 2.4 + 60.7 + 45 .2

V ertica l d isp lacem en t (m m )

T im e (m in s)

F igu re 8 .5 : G ra p h ica l resu lts
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8 .1 1 .2 A p la stic fr a m e

T h e fram e illu strated in F ig u re 8.6 is load ed con tin u ally alon g th e h orizon tal b eam so
th at th e d efo rm a tio n b ecom es p lastic. T ab le 8.5 sh ow s th e vertical d isp lacem en ts in th e
h orizon tal b eam calcu lated w ith th e ¯ n ite elem en t m eth o d u sin g th e erro r estim ato r
to ad ap t th e m esh . T h ese are illu strated in F igu re 8.7.

F ig u re 8.6 : P la stic fram e

T a b le 8 .5 : N u m erical resu lts fo r p la stic fra m e.

(2 ) (2 ) 2^n e u (0) u (0:5) ke k3 3

3 -0.24 1 -5 .2 3 7.75 E -2

6 -0.24 4 -5 .6 1 2.00 E -1

1 0 -0.24 7 -5 .7 8 1.04 E -1

1 4 -0.25 1 -5 .8 9 3.92 E -2

1 8 -0.25 2 -5 .9 1 3.05 E -3

2 4 -0.25 2 -5 .9 1 2.89 E -4
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2 2k e k = 7.75 E -2 k e k = 2.00 E -1

2 2k e k = 1.04 E -1 k e k = 3.92 E -2

2 2k e k = 3.05 E -3 k e k = 2.89 E -4

F igu re 8 .7 : A d ap tive m esh for p la stic fra m e w ith error estim ates
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8 .1 1 .3 A th e rm o p la stic tw o -sto re y fra m e

T h e tw o storey fra m e, illu stra ted in F ig u re 8 .8a , is lo ad ed alon g ea ch h orizon tal b eam
w ith a force of 10 0 k N /m . T h e gro u n d ° o or is ex p osed to a ¯ re su ch th at th e gas
tem p era tu re fo llow s th e stan d ard B S 4 76 cu rv e [1] so th a t th e gro u n d ° o or colu m n s
an d b eam s are ex p osed a s illu strated in F ig u re 8 .9 . T h e d eform ation o f th e fra m e,
illu strated in F igu re 8.8b , is ca lcu la ted a fter 3 m in u tes, ju st a fter ¯ rst y ield . T a b le 8 .6
sh ow s th e estim ate o f th e erro r for each m esh u sed in th e calcu lation . T h e ¯ rst m esh

con sists o f o n e elem en t p er b eam w h ich is re¯ n ed w h ere th e elem en t con trib u tion to
2^k e k is greater th a n 0 :01 .L 2

(a) (b )

F igu re 8 .8 : U n d eform ed (a) a n d d eform ed (b ) fram e sh ow in g co n n ectin g n o d es for

th e 24 elem en t m esh .

(a) (b )

F ig u re 8.9 : E x p osed co lu m n (a ) an d ex p o sed b ea m (b ) in th e grou n d ° o or.
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T a b le 8 .6 : E stim ates o f th e erro r for ea ch fra m e m esh .

2^E lem en ts N o d es D O F k e k L 2
16 2 8 168 1 . 3 8 E + 2

24 4 4 264 8 . 6 2 E + 0

40 7 6 456 5 . 3 9 E - 1

72 1 40 840 3 . 3 7 E - 2
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C h a p te r 9

C o n c lu sio n s

M o d ellin g th e ¯ re-ex p osed fram e h as b een sep arated in to tw o d ecou p led p rob lem s. T h e
¯ rst calcu lates th e tem p eratu re th rou g h ou t th e fra m e th en th e secon d calcu lates th e
d isp la cem en ts d u e to m ech an ical lo ad s a n d to th e rise in tem p era tu re. T ech n iq u es
req u ired to solve th e h ea t con d u ction eq u a tio n , d eriv ed in C h ap ter 6, h av e b een d e-

scrib ed . T h ese in clu d e th e fu lly a u tom atic gen eration of a trian g u la r m esh for an y
p o ly go n al d o m a in , in C h a p ter 4, an d th e ca lcu lation o f error in d icato rs.

A 3D m o d el fo r th e d efo rm a tio n o f a sin gle b ea m h as b een d erived in C h ap ter 7 u sin g
th e assu m p tio n s th a t

i) b ea m cro ss-section s rem ain p lan e a n d p erp en d icu la r to th e n eu tra l lin e d u rin g
d eform ation (E u ler-B ern ou lli);

ii) w a rp in g e® ects are n eglig ib le;
iii) stra in s are sm a ll en ou g h to n eg lect n on lin ea r term s.

In th e m o d el, th e g en era l d isp lacem en ts, ¹u , ¹u , ¹u , a n d th e b ea m d isp lacem en ts u ,1 2 3 1

u , u an d µ , are rela ted b y2 3

0 1 0 1
0 0¹u u ¡ x u ¡ x u1 1 2 32 3B C B C

¹u = u ¡ x µ (9 .1 )@ A @ A2 2 3

¹u u + x µ3 3 2

an d th e lin ea r in ¯ n itesim al stra in s, ² , ² an d ² , are rela ted to th e d isp lacem en ts b y1 1 1 2 1 3

0 00 00² = u ¡ x u ¡ x u ;1 1 2 31 2 3

1 0² = ¡ x µ ; (9 .2 )1 2 3
2

1 0² = x µ :1 3 2
2

T h e b eh av io u r o f th e b eam is d eterm in ed b y th e con stitu tiv e rela tio n o f th e m a terial
w h ich rela tes th e com p o n en ts of stress, ¾ , w ith th e in ¯ n itesim al strain s an d th e th er-ij

m al strain , ² . T h e d escrip tio n of th e b eam m o d el m a kes u se of eq u iva len t p rop ertiesth
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th at relate to th e cro ss section o f th e b eam . T h ey a re th e b eam d isp lacem en t vecto r

0 1
u 1

B CuB C2
u = B C ; (9 .3 )@ Au 3

µ

th e b eam strain vector 0 10u 1
B C00uB C2B (u ) = B C ; (9 .4 )00@ Au 3

0µ

th e b eam th erm al lo ad vecto r
0 1

1
Z B C¡ xB C2

Q = E (x ;T )² B C ; (9 .5 )th @ A¡ x 3
x 2A

0

an d th e b eam stress vector
0 1

¾ 1 1Z B C¡ x ¾B C2 1 1
S (u ) = B C d x : (9 .6 )

@ A¡ x ¾3 1 1
x 2A

x ¾ ¡ x ¾2 1 3 3 1 2

T h e lin ear co n stitu tiv e relation fo r a b eam ,

S (u ) = D B (u ) ¡ Q ; (9 .7 )

h as b een d eriv ed from H o o ke's law w h ere
0 1

1 ¡ x ¡ x 02 3
B C2Z ¡ x x x x 0B C2 2 32B C3D = E (x )B C d x : (9 .8 )¡ x x x x 03 2 3 3B C

2 2@ Ax 2A x + x2 30 0 0
2(1 + º )

T h e eq u ilib riu m eq u atio n

0 1 0 10¡ S f 11
B C B C00S fB C B C22L (u ) = B C = B C = f (9 .9 )00@ A @ AS f 33

0¡ S 04

h as b een d eriv ed b ased o n th e co n servation o f lin ear a n d an g u la r m om en tu m . T h e
b eam m o d el h as b een ex ten d ed to a fra m e b y assu m in g th a t th e jo in ts b etw een b ea m s
are rigid ; i.e.
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i) D isp la cem en ts an d rotation s are con tin u o u s;
ii) R esu lta n t fo rces an d m o m en ts at a jo in t a re zero.

T h e in n er p ro d u ct (u ;v ) h as b een d e¯ n ed for a fram e com p o sed of n b b eam s to b e

(k )lZn b ³ ´X T(k ) (k )(u ;v ) = u v d x : (9.10 )
k = 1 0

U sin g th is d e¯ n itio n , th e w eak fo rm of th e eq u ilib riu m eq u a tio n s h a s b een d erived ,

a (u ;v ) = (B (u );D B (v ) = (f ;v ) + (Q ;B (v )) 8 v 2 H ; (9.11 )

an d it h as b een p roven th a t

k u k · C kB (u )k · C k f k + C k Q k ; (9.12 )1 2L L L L2 2 2 2

w h ere C , C an d C are con sta n ts.1 2

A ¯ n ite elem en t m eth o d h a s b een d eriv ed fo r solv in g th e w eak eq u ation in a sp ace o f

p iecew ise p oly n om ia l v ectors, V . T h is h as b een sh ow n to b e su p ercon vergen t at th e
con n ectin g n o d es if q u ad ra tics are u sed to a p p rox im ate th e u a n d u = µ d isp lace-1 4

m en ts a n d p o ly n om ials of d egree 3 or h igh er a re u sed to ap p rox im a te th e u an d u2 3

d isp la cem en ts. A n error in d icato r, k ê k h a s b een d eriv ed , b ased on th e w o rk of B a n k
an d W eiser [8 ], to estim a te th e error in th e en ergy n orm , k e k . T h e in d icator is fou n d

b y solv in g th e lo cal p ro b lem

^^a (e ;v ) = (r ;v ) 8 v 2 V (9.13 )− −i i

^w h ere V co n tain s p o ly n om ials of h igh er ord er th an th o se in V an d on th e b ou n d a ry o f

− , i.e. th e con n ectin g n o d es,i

0 0 ^v = v = v = v = v = v = 0 8 v 2 V : (9.14 )1 2 3 4 3 2

It h as b een sh ow n th at
1 1³ ´ ³ ´
2 22 21 ¡ ¯ (h ) 1 ¡ ° (h ) k e k · k ê k · k e k (9.15 )

w h ere, a s h ten d s to zero , ¯ (h ) ten d s to zero an d ° (h ) ten d s to a co n stan t so th at th e
in d icato r is con sisten t. F u rth erm ore, it h a s b een sh ow n to b e asy m p totica lly ex act fo r
su p ercon v erg en t ¯ n ite elem en t a p p rox im ation s in th a t

^k e k ! 1 a s h ! 0: (9.16 )k e k

T h e con ten ts of th is th esis h ave b een in ten d ed to serve a s a n in tro d u ctio n to solv in g
¯ re-ex p osed fra m e p ro b lem s u sin g ¯ n ite elem en ts. F u tu re w ork ca n b u ild on th is b y
re¯ n in g th e b eam m o d el d escrib ed in C h ap ter 7 (e.g., see referen ces [24 ] an d [1 0]) an d

th e m aterial m o d el d escrib ed in C h a p ter 8 to a ccu ra tely p red ict th e stru ctu ra l resp o n se
u sin g th e n ew erro r estim a tor.
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